Abstract. A version of a conjecture of McMullen is as follows: Given a hyperbolizable 3-manifold M with incompressible boundary, there exists a uniform constant K such that if N is a hyperbolic 3-manifold homeomorphic to the interior of M, then the injectivity radius based at points in the convex core of N is bounded above by K. This conjecture suggests that convex cores are uniformly congested. We will give a proof in the case when M is an I-bundle over a closed surface, taking into account the possibility of cusps.
Introduction
A version of a conjecture of McMullen is as follows: Given a hyperbolizable 3-manifold M with incompressible boundary, there exists a uniform constant K such that if N is a hyperbolic 3-manifold homeomorphic to the interior of M , then the injectivity radius based at points in the convex core of N is bounded above by K. This conjecture suggests that convex cores are uniformly congested. We will give a proof in the case when M is an I-bundle over a closed surface, taking into account the possibility of cusps.
In this paper, we investigate the geometry of convex cores of hyperbolic 3-manifolds which are homotopy equivalent to a closed surface. If M is an I-bundle over a closed surface, then there exists a uniform upper bound on injectivity radius for points in the convex core of any hyperbolic 3-manifold homeomorphic to the interior of M .
The main result is an extension of a theorem of Kerckhoff-Thurston [KT] . Their theorem established the existence of an upper bound on injectivity radius for points in the convex cores of hyperbolic 3-manifolds without cusps where the manifolds are homotopy equivalent to a closed surface. Our main result includes the possibility of cusps: Theorem 1.1. Let M be an I-bundle over a closed hyperbolic surface S. Then there exists a constant K S such that if N is a hyperbolic 3-manifold homeomorphic to the interior of M and x ∈ C(N ), then inj N (x) ≤ K S .
The main theorem partially answers a conjecture of McMullen [Bi] which hypothesized the existence of an upper bound on the radius of balls that can be embedded in the convex core of hyperbolic 3-manifolds with finitely generated fundamental group, where the bound depends on the number of generators of the fundamental group.
In a later paper [F1] , we will use the main result of this paper to show that the injectivity radius in the convex core is uniformly bounded for hyperbolic 3-manifolds homeomorphic to the interior of a book of I-bundles or an acylindrical, hyperbolizable 3-manifold. The result will prove McMullen's original conjecture for the case of a book of I-bundles. It should be noted that for McMullen, the compressible boundary case was the motivating case, and it still remains unsolved. The bound on injectivity radius, together with a theorem of McMullen's, will show that the limit set varies continuously over the space of hyperbolic 3-manifolds homeomorphic to the interior of a fixed hyperbolizable 3-manifold M under the geometric topology. [F2] The first two sections of this paper will introduce some background material in hyperbolic geometry and review simplicial hyperbolic surfaces which were first introduced by Bonahon. In the third section we will review the theory of continuous families of simplicial hyperbolic surfaces developed by Canary. In the last section, we will prove the main theorem.
Hyperbolic Geometry and Kleinian Groups
In this section, we introduce some of the necessary background material in hyperbolic geometry that will be used throughout this paper. More details about hyperbolic geometry and Kleinian groups can be found in Beardon [Be] , Benedetti and Petronio [BP] , Canary-Epstein-Green [CEG] , and Maskit [Ma] . We will also introduce some results about injectivity radius and coverings of manifolds which will be referred to throughout the paper.
We say that Γ is a Kleinian group if it is a discrete subgroup of Isom + (H 3 ). If Γ is torsion-free, then N = H 3 /Γ is a complete, orientable hyperbolic 3-manifold. The limit set of Γ is Λ Γ , the set of accumulation points of the orbit of any x ∈ H 3 . The domain of discontinuity Ω Γ is the complement of the limit set in ∂H 3 , the sphere at infinity. The convex core of a hyperbolic 3-manifold N = H 3 /Γ is the smallest convex submanifold such that the inclusion map is a homotopy equivalence. For a nonelementary Kleinian group, it is equivalently defined as CH(Λ Γ )/Γ, where CH(Λ Γ ) denotes the convex hull of the limit set Λ Γ , the set of accumulation points of the orbit of any x ∈ H 3 . (Lem 6.3, Morgan [Mor] ) We denote the convex core by C(N ).
A hyperbolic 3-manifold N is geometrically finite if C 1 (N ) has finite volume, where C δ (N ) = CH δ (Λ Γ )/Γ and CH δ (Λ Γ ) is the open δ-neighborhood of the convex hull of the limit set. Equivalently, N is geometrically finite if C(N ) has finite volume and π 1 (N ) is finitely generated. In the absence of parabolic elements, a manifold is geometrically finite if and only if its convex core is compact.
Let ∂C 1 (N ) be the boundary of C 1 (N ). Then ∂C 1 (N ) is strictly convex (see Prop 2.2.1, Epstein-Marden [EM] ), so that for x ∈ N − C(N ), there exists a unique geodesic ray, g x , such that g x is perpendicular to ∂C 1 (N ) and passes through x. Then there exists a nearest point retraction map r : N → C(N ) where r(x) = x if x ∈ C(N ), and r(x) = g x ∩ ∂C(N ) otherwise. This retraction map gives N − C(N ) a product structure ∂C 1 (N ) × [0, ∞) where the first coordinate is g x ∩ ∂C 1 (N ), and the real coordinate measures the distance from ∂C(N ). Let us call these coordinates the nearest point coordinates on N − C(N ). The metric on N − C(N ) is quasi-isometric to the metric cosh 2 t dx 2 ∂C1(N ) + dt 2 where dx 2 ∂C1(N ) is a metric on ∂C 1 (N ). (see Perry [P] or Sec 2.2, Epstein-Marden [EM] ) For ǫ > 0, a similar map r ǫ : N → C ǫ (N ) retracts N onto the ǫ-neighborhood of C(N ) and induces a homeomorphism between N and C ǫ (N ).
Consider another type of nearest point retraction. Let N * = (H 3 ∪ Ω Γ )/Γ be the conformal extension of N . For δ > 0 and x ∈ C δ (N ), we definer(x) = x. For x ∈ N − C δ (N ), the pointr(x) is the unique point of contact between C δ (N ) and the largest hyperbolic ball centered at x whose interior is disjoint from C δ (N ). For x ∈ Ω Γ /Γ, the pointr(x) is the unique point of contact between C δ (N ) and the largest horoball centered at x whose interior is disjoint from C δ (N ). This map is the nearest point retraction of N * onto C δ (N ). The injectivity radius at a point x in N , inj N (x), is defined to be half the length of the shortest homotopically non-trivial loop passing through x. It is equivalently defined as the radius of the largest open hyperbolic ball based at x that can be embedded in N . The following lemma shows that as x travels radially out the product structure of a geometrically finite end, inj N (x) strictly increases.
Lemma 2.1. Let N = H 3 /Γ be a hyperbolic 3-manifold. Let U be a component of N − C(N ), and let S be the component of ∂C 1 (N ) associated to U . Then U has a product structure S × [0, ∞) with nearest point coordinates. For (x, t) ∈ S × [0, ∞), the function inj N (x, t) is strictly increasing in t.
Proof. For (x, t 0 ) ∈ S × [0, ∞), there exists a unique geodesic ray g x such that g x is perpendicular to S and passes through (x, t 0 ). Parametrize g x by t, where t measures the distance from ∂C(N ). Recall that for the nearest point retraction map r t0 : N → C t0 (N ) which retracts (x, t 1 ) ∈ S × [0, ∞) along g x for t 1 > t 0 , we have r t0 (x, t 1 ) = (x, t 0 ). Because r t0 is strictly distance decreasing on N − C(N ) (see Lem 1.4.6 in Epstein-Marden [EM] ), given a homotopically non-trivial loop α based at (x, t 1 ), r t0 (α) will be a homotopically non-trivial loop based at (x, t 0 ) of strictly shorter length. So inj N (x, t) is strictly increasing in t.
We will be interested in finding an upper bound on injectivity radius. Given a bound on injectivity radius in a covering space, one can also deduce a bound on injectivity radius in the base manifold. We will often use this fact to find an upper bound on injectivity radius in the base manifold.
Lemma 2.2. Let M be a cover of N with covering map p. Then for x ∈ M , inj N (p(x)) ≤ inj M (x).
Proof. For x ∈ M , there exists a homotopically non-trivial loop γ based at x of length 2 inj M (x). Because p is a local isometry, the projection p(γ) of the loop to N has length 2 inj M (x). If p(γ) is homotopically trivial in N , then p(γ) bounds a disk D. By lifting this disk to M , we see that γ bounds a diskD in M , which contradicts the assumption that γ was homotopically non-trivial in M . Thus, the loop p(γ) must be homotopically non-trivial in N so that inj N (p(x)) ≤ inj M (x).
The thick-thin decomposition divides a hyperbolic manifold into two submanifolds based upon injectivity radius. For a manifold N , we define N thin(ǫ) to be the set of all points in N with injectivity radius ≤ ǫ. Similarly, we define N thick(ǫ) to be the set of all points in N with injectivity radius ≥ ǫ. By the Margulis Lemma (see Chap D of [BP] ), there exists a uniform constant ǫ 3 , called the Margulis constant , such that for ǫ < ǫ 3 , every component of N thin(ǫ) is one of the following:
1. a torus cusp ∼ = T 2 × [0, ∞), i.e., a horoball in H 3 modulo a Z ⊕ Z-parabolic action, 2. a rank one cusp ∼ = R × S 1 × [0, ∞), i.e., a horoball in H 3 modulo a Z-parabolic action, or 3. an open solid torus neighborhood of a geodesic ∼ =D 2 × S 1 .
Let N
• ǫ denote N −{Type 1 and Type 2 components of N thin(ǫ) }. Similarly, we let C There is a one-to-one correspondence between the components of P and the conjugacy classes of maximal parabolic subgroups in π 1 (N ). In particular, each representative of a parabolic element of π 1 (N ) is homotopic into a component of P .
An end E of a topological space X is a maximal family of sets {U i } called neighborhoods of E such that:
1. each U i has compact boundary but non-compact closure, and 2. for each i and j, there exists k such that U k ⊂ U i ∩ U j .
Let E be an end of N • ǫ , and let U be a neighborhood of E. We will give the definition and parametrization of the parabolic extension U P of U given in Sec 3, Canary [C1] . Let P i be a rank one cusp component of N thin(ǫ) . We can normalize P i so that the fixed point is at infinity in the upper half space model of H 3 with (z, t) coordinates, and P i = {(z, t) : t ≥ c}/(z → z + 2π), where the constant c depends only on ǫ. Then we can parametrize P i by S 1 × (−∞, ∞)× [0, ∞) using the coordinates (θ i , r i , s i ) where θ i = Re z (mod 2π), r i = H(Im z), and s i = log(t)+J for some constants H and J depending only on ǫ. Then the Riemannian metric on P i can be expressed as e −2si (G 2 dθ 2 i + dr 2 i ) + ds 2 i where G is a constant depending only on ǫ.
Express C i = U ∩P i as a subset of S 1 ×(−∞, ∞)×{0}. Let B(C i ) = {(θ i , r i , s i ) : (θ i , r i , 0) ∈ C i and s i ≥ 0} denote the portion of P i lying "above" C i . Then the parabolic extension U P is U ∪ [ Pi B(U ∩ ∂P i )] where the union is taken over all rank one cusps adjacent to U . If A is a subset of U , then A P = A∪[ Pi B(A∩∂P i )].
In the case that U is homeomorphic toS × [0, ∞), there are two possibilities. If S is closed, then the parabolic extension U P of U is simply U . IfS is not closed, then
, where the union is taken over all rank one cusps adjacent to U . Here U P is homeomorphic to S × [0, ∞) where S is homeomorphic to the interior ofS.
We say an end E of N • ǫ is geometrically finite if there exists a neighborhood U of E such that U ∩ C(N ) = ∅. Otherwise we say that the end E is geometrically infinite.
A pleated surface is a map f : S → N from a surface S with hyperbolic metric σ to a hyperbolic 3-manifold N such that:
1. f is a pathwise isometry with respect to the metric σ on S, and 2. for each point x ∈ S, there exists a geodesic arc γ such that x ∈ int γ and f (γ) is a geodesic arc.
A geodesic lamination on a surface S is a closed subset of S which is a disjoint union of simple geodesics which are called leaves. For a pleated surface f : S → N , its pleating locus is the smallest geodesic lamination λ such that f is totally geodesic in the complement of λ, and f maps the leaves of λ geodesically. [EM] ) have shown that the boundary components of convex cores are images of pleated surfaces.
A useful tool will be the following lemma which states that for a cover associated to a boundary component of the convex core of a manifold, a component of the complement of the convex core of the base space lifts homeomorphically to a component of the complement of the convex core of the cover. 
Proof. Because U is the component of N −int C(N ) associated to S, it has a product structure S × [0, ∞) with nearest point coordinates. By the Lifting Theorem, the inclusion map i :
Recall that S is the image of some pleated surface f : S ′ → N . Then there exists a liftf :
Let λ be the pleating locus of f . Recall that a pleated surfacef : S ′ → M is totally geodesic in the complement of λ, andf maps the leaves of λ geodesically. ) have shown that the lifts to the universal cover of the leaves of λ have endpoints that lie in Λ π1(S) . Therefore, (p|Ũ )
is not a boundary component of C(M ), then there exists a geodesic arc γ in intŨ with endpoints in (p|Ũ ) −1 (S), i.e., p(γ) is a geodesic arc with endpoints in S whose interior lies outside of C(N ). This contradicts the fact that S is a boundary component of a convex set C(N ). Therefore, (p|Ũ )
Let T ⊂ U be a component of ∂C δ (N ). Then for each point x on T , there exists a geodesic arc g x perpendicular to T and passing through x. Lift x to a point x ∈Ũ . Because p is an isometry on U , this geodesic arc lifts to a geodesic arc gx that is perpendicular to (p|Ũ ) −1 (S) and passes throughx. Then the set of points in U a distance δ from S lifts precisely to the set of points inŨ a distance δ from (p|Ũ )
We can also show that if a neighborhood of a geometrically finite end of a covering space M embeds as a neighborhood of a geometrically finite end in the base manifold, then the neighborhood associated to M − int C(M ) embeds in the base manifold as well.
Lemma 2.4. Let 0 < ǫ < ǫ 3 , and let δ > 0. Let M = H 3 /Γ be a hyperbolic 3-manifold which covers another hyperbolic 3-manifold N = H 3 /Γ with projection map p. Let E be a geometrically finite end of M • ǫ , and letṼ be a component of
Proof. Recall the deformation retractr : N * → C δ (N ). This map lifts to the deformation retractr :
, we can consider a componentS of the preimage ofS in H 3 . Here,S will be a boundary component of CH δ (ΛΓ). This componentS corresponds to a component Ω S of ΩΓ, where Ω S =r −1 (S) ∩ Ω Γ . LetV be the portion of H 3 that is bounded byS and Ω S . LetŪ be the portion of the preimage ofŨ in H 3 that is contained inV . ThenV coversṼ , andŪ coversŨ . Furthermore becauseŨ is a neighborhood of the geometrically finite end E,Ū must contain a neighborhood of Ω S inH 3 . Because ΛΓ ⊂ Λ Γ , each component of Ω Γ is contained in a component of ΩΓ.
Suppose Ω S is not a component of Ω Γ . Then there exists a point z in Λ Γ such that z is also contained in Ω S . We know that pairs of hyperbolic fixed points are dense in Λ Γ × Λ Γ (Prop V.E.5, Maskit [Ma] ), i.e., for a pair of points (a, b) ∈ Λ Γ × Λ Γ , there exists a sequence of hyperbolic isometries whose fixed points approach (a, b). So there exists a hyperbolic isometry γ ∈ Γ−Γ whose fixed points lie in a neighborhood W of z such that W ⊂ Ω S . FurthermoreŪ must contain a neighborhood of W . Thus, γ(Ū) ∩Ū = ∅. Then becauseŪ coversŨ , we can conclude thatŨ does not embed in N , but this is a contradiction. So Ω S is a component of Ω Γ .
ThenS is also a boundary component of CH δ (Λ Γ ), and for γ ∈ Γ−Γ, γ(V )∩V = ∅. So we can conclude thatṼ embeds in N , p(Ṽ ) is a component of N − C δ (N ), and S =S/Γ = p(S) is a boundary component of ∂C δ (N ).
It is conjectured that all geometrically infinite ends of a hyperbolic 3-manifold with finitely generated fundamental group are simply degenerate. To explicitly define a simply degenerate end, we need to define the term "simplicial hyperbolic surface," but we will delay the explicit presentation this definition until the next section where we will explore these objects more thoroughly. Roughly, a simplicial hyperbolic surface is a map of a surface whose image has intrinsic curvature ≤ −1. An end of N • ǫ is simply degenerate if: 1. there exists a neighborhood U of the end that is homeomorphic toS × [0, ∞), whereS is a compact surface with or without boundary, 2. there exists a sequence of simplicial hyperbolic surfaces {f n : S → U P }, where S is the interior ofS, such that f n (S) is properly homotopic within U P to S × {0}, and 3. the sequence {f n (S)} exits the end of N .
For a hyperbolic 3-manifold N , a compact core R of N is a compact submanifold of N such that the inclusion of R into N is a homotopy equivalence. A theorem of Scott [Sc] guarantees that every hyperbolic 3-manifold with finitely generated fundamental group has a compact core.
For 0 < ǫ < ǫ 3 , a relative compact core of N • ǫ is denoted P and is called the parabolic locus associated to R. There is a one-to-one correspondence between the components of P , the parabolic locus associated to N • ǫ , and the components of P , the parabolic locus associated to R. It will be clear from context to which object a given parabolic locus is associated.
We can also define a more general version of a relative compact core. For 0 < ǫ < ǫ 3 , let P be a collection of Type I and Type II components of N thin(ǫ) . A relative compact core of N − P is a compact core R of N − P that intersects every rank one component of ∂P in a π 1 -injective annulus and intersects every rank two component of ∂P in a torus. In this case, the collection of annuli and tori in ∂R ∩ ∂P is also denoted P and is also called the parabolic locus associated to R. Again, it will be clear from the context to which compact core a given parabolic locus is associated.
A hyperbolic 3-manifold N with finitely generated fundamental group is said to be geometrically tame if each end of N • ǫ is either geometrically finite or simply degenerate. A sufficient condition for a manifold to be geometrically tame is Bonahon's Condition (B):
Theorem 2.5. (Thm A, Bonahon [Bo] ) Let N be a complete hyperbolic 3-manifold such that Γ = π 1 (N ) is of finite type and satisfies Condition (B), i.e., for every non-trivial free decomposition Γ = A * B, there exists a parabolic element in Γ which is conjugate into neither A nor B. Then N is geometrically tame.
Condition (B) is equivalent to requiring that the fundamental group of every component of ∂R − ∂N
By contrast, a hyperbolic 3-manifold N is topologically tame if it is homeomorphic to the interior of a compact manifold. By definition, a manifold that is geometrically tame is topologically tame. Canary [C2] has proven the converse as well. In this paper, all of our manifolds will be homeomorphic to the interior of a compact manifold and hence will be geometrically and topologically tame.
Given a collection P of Type I and Type II components of N thin(ǫ) , and a relative compact core R of N − P with associated parabolic locus P , Bonahon (Prop 1.6, [Bo] ) has shown that if N satisfies Condition (B), then the ends of N − P are in one-to-one correspondence with the components of (N − P) − R, or equivalently, with the components of ∂R − P .
A nice property of topologically tame manifolds is that given a compact set in a topologically tame manifold, it is possible to find a compact core that contains the compact set.
Lemma 2.6. Let N be a topologically tame hyperbolic 3-manifold. Let P be a collection of Type I and Type II components of N thin(ǫ) . Let K be a compact set in N − P. Then there exists a relative compact core R of N − P such that K ⊂ R and the components of (N − P) − R are topologically a product.
Proof. Because N is topologically tame, there exists a relative compact core R * of N − P with associated parabolic locus P such that each component of ∂R * − P is incompressible and each component U j of (N − P) − int R * is homeomorphic to a component of (∂R * − P ) × [0, ∞). (see Chap 1, Bonahon [Bo] ) Choose a level surface T j in each U j so that K lies to one side. Then each T j is incompressible and properly isotopic to a component of ∂R * − P . Thus, the T j bound a relative compact core R of N − P such that K ⊂ R. Furthermore, the components of (N − P) − R are topologically a product.
Another property of topologically tame manifolds is that for any relative compact core R of a topologically tame manifold N where the components of ∂R − P are incompressible, the components of (N − P) − int R possess a product structure.
Lemma 2.7. Let N be a topologically tame hyperbolic 3-manifold. Let P be a collection of Type I and Type II components of N thin(ǫ) . Let R be a relative compact core of N − P with associated parabolic locus P . Let {S j } be the components of ∂R − P , and let U j be the component of (N − P) − int R associated to S j . If the {S j } are incompressible, then the {U j } are homeomorphic to S j × [0, ∞).
Proof. By the argument given in Lemma 2.6, there exists a relative compact core R * such that each component of (N − P) − int R * is topologically a product and R ⊂ R * . Select a surface T j in a component of (N − P) − int R * . Let A j be the subset of U j bounded by T j and S j . If A j is not homeomorphic to S j × [0, 1], then π 1 (S j ) does not surject onto π 1 (A j ). (Thm 10.5, Hempel [He] ) Then there exists a homotopically non-trivial loop γ in A j that is not homotopic in A j to a curve in S j . Because S j ⊂ ∂R − P is incompressible and separating in N − P, γ is not homotopic in N − P to a curve in R. But R is a compact core of N , so this is a contradiction. Then for each j, U j is homeomorphic to S j × [0, ∞). Now we present a general fact about ends of topologically tame manifolds and their covers which will be used throughout the paper.
Lemma 2.8. Let N be a topologically tame hyperbolic 3-manifold. Let 0 < ǫ < ǫ 3 , and let δ ≥ 0. Let P be a collection of Type I components of N thin(ǫ) . Let S be an incompressible separating surface of N − P such that ∂S ⊂ ∂P. Let M = H 3 /π 1 (S) be a cover of N with covering map p. Let U be the closure of a component of (N − P) − S such that there existsŨ ⊂ M such that p|Ũ :Ũ → U is a homeomorphism and (p|Ũ ) Using the (θ i , r i , s i ) coordinates on each component of P adjacent to ∂S, we can extend the homeomorphism p|Ũ to a homeomorphismp :Ũ P → U P where U P is the parabolic extension of U . Without loss of generality, we can assume that ǫ is small enough so that B intersects each component of U P − U totally geodesically. Thus, we know that B ⊂Ũ P . Let X ν be a component of M − int C ν (M ) which intersectsŨ . Then becausep is a homeomorphism, for large enough ν, X ν embeds in N . Then by Lemma 2.4, p(Ā) is a component of N − int C δ (N ) with boundary p(B). Therefore, N − p(A) is a convex submanifold of N . We can construct a deformation retract R : 
3. Simplicial Hyperbolic Surfaces 3.1. Triangulations. In order to define a simplicial hyperbolic surface, we must first define a triangulation on a punctured surface. LetŜ be a (not necessarily orientable) surface with a finite number of distinguished points {p 1 , . . . , p n }. Let S denoteŜ − {p 1 , . . . , p n }. Then S is a punctured surface, and the p i are punctures. Let V denote the punctures {p 1 , . . . , p n } and a finite collection of vertices on S. The punctures are ideal vertices, and the vertices that are not punctures are internal vertices. We require that V include at least one internal vertex.
A curve system {α i , . . . , α m } is a collection of arcs inŜ which have endpoints in V , which are disjoint except at their endpoints, no two of which are ambient isotopic relative to V , and none of which is homotopic to a point relative to V . Then a triangulation of a surface S with associated vertices V is the restriction of a maximal curve system on (Ŝ, V ) to (S, V ). Two triangulations are equivalent if they are ambient isotopic relative to V .
Note that the "triangles" in these triangulations may not have three distinct edges nor three distinct vertices. For example, one edge may count as two sides of a triangle, or there may only be one vertex in a triangle. In this paper, we will often use a certain type of triangle called a punctured monogon. A punctured monogon consists of an ideal vertex, an internal vertex, an edge joining the internal vertex and the ideal vertex, and an edge with both endpoints at the internal vertex that encloses precisely the ideal vertex and the edge joining the internal and ideal vertices. See Figure 1 . If each ideal vertex is contained in a punctured monogon, then we say the triangulation is suitable. Harer and Hatcher [Har1, Har2, Hat] use a more general definition of a triangulation of a surface with or without punctures: A generalized triangulation of a surface S is a maximal curve system on (S, V ), where V may or may not include all of the ideal vertices. They have shown that any two generalized triangulations of a surface can be related by a finite series of elementary moves, and that there are exactly two types of elementary moves, Type I and Type II. Given a quadrilateral with a diagonal, a Type I move replaces the given diagonal with the other diagonal. See Figure 2 . Given a punctured bigon containing an edge with both endpoints at one vertex, a Type II move replaces the given edge with the edge with both endpoints at the other vertex. See Figure 3 . In this paper, our definition of triangulation is more restrictive, because we require that all punctures be vertices of the triangulation. Thus, under our definition of triangulation, a punctured bigon containing an edge with both endpoints at one vertex must also contain an edge connecting the ideal vertex to the internal vertex. Hence, in our situation, there are no punctured bigons. See Figure 4 . In other words, Type II elementary moves are unnecessary. Therefore, in this paper, given a triangulation, we can obtain any other triangulation using only Type I elementary moves. Notice that in a suitable triangulation, there are no doubly ideal edges, i.e., edges with both endpoints at ideal vertices. In fact, given any suitable triangulation, we can obtain any other suitable triangulation using a specific sequence of Type I elementary moves in which each triangulation in the sequence has no doubly ideal edges. Suppose we are given two suitable triangulations T A and T B . Then a specific sequence of solely Type I elementary moves altering T A to T B can be realized by replacing each Type II elementary move by two Type I elementary moves as follows:
1. convert the suitable triangulations T A and T B into generalized triangulations T A and T B by removing the set of edges with one endpoint at an ideal vertex; 2. the result of Harer and Hatcher guarantees the existence of a sequence of Type I and Type II elementary moves that alters the triangulation T A on (S, V ′ ) to the triangulation T B on (S, V ′ ) where V ′ contains only internal vertices; 3. at each step in the Harer-Hatcher sequence, there is either a Type I move or a Type II move: (a) for a Type I move, perform a Type I move on T i to obtain T i+1 . Then let
The resulting suitable triangulation T i+1 contains no doubly ideal edges; and (b) for a Type II move, perform a sequence of two Type I moves on T i .
Consider the punctured bigon in T i on which the Type II move is to be performed. In the corresponding punctured bigon in T i , let E 1 be the edge with both endpoints at the internal vertex v 1 which surrounds the puncture p, and let e 1 be the edge joining p and v 1 . Let e 2 denote an edge joining p and the other internal vertex v 2 , and let E 2 denote the edge with both endpoints at v 2 which surrounds p. Let T ′ i be the triangulation T i − E 1 + e 2 , and let T i+1 be the triangulation T After renumbering the sequence, each of the triangulations T j in the resulting sequence contains no doubly ideal edges. Let us call this sequence of triangulations a modified HH sequence. In this paper, we can restrict our attention to triangulations that contain no doubly ideal edges.
3.2. Simplicial Hyperbolic Surfaces. A homomorphism α : Θ → Γ between two Kleinian groups is type-preserving if α(γ) is parabolic if and only if γ is parabolic. By contrast, a homomorphism weakly preserves parabolicity if α has the property that α(γ) is parabolic if γ is parabolic. We say that α(γ) is an accidental parabolic if α(γ) is parabolic, whereas γ is hyperbolic. Recall that each accidental parabolic is associated to a closed curve in the parabolic locus P of N • ǫ . Sullivan [Su1] has shown that for a finitely generated Kleinian group, there can be at most a finite number of conjugacy classes of maximal abelian subgroups associated to accidental parabolics.
For any π 1 -injective map between hyperbolic manifolds, we can consider a map f : S → N and its induced map f * on fundamental groups. Then f weakly preserves parabolicity if f * weakly preserves parabolicity. Similarly, a homotopically nontrivial curve γ in S is an accidental parabolic if γ is not homotopic into a cusp of S but f (γ) is homotopic into a cusp of N . This definition agrees with our previous group theoretic definition. Now we can present the definition of a simplicial hyperbolic surface. Let f : S → N be a proper map from a (not necessarily orientable) surface S into a 3-manifold N where S has triangulation T . We will use the notation f : (S, T ) → N to denote such a map. Suppose f has the following properties:
1. f weakly preserves parabolicity, 2. f maps every edge e in T to a geodesic arc, and 3. f maps each face of T to a non-degenerate, totally geodesic triangle in N . Then f is a simplicial pre-hyperbolic surface. Let ang f (v) be the total angle about a vertex f (v), that is, the sum of the angles based at f (v) in each of the geodesic triangles which share f (v) as a vertex. If ang f (v) ≥ 2π for every internal vertex v, then f is a simplicial hyperbolic surface. This angle condition guarantees that the intrinsic geometry of f (S) is like that of a surface of curvature ≤ −1.
The map f induces a piecewise Riemannian metric on S called the simplicial hyperbolic structure, denoted τ . The surface (S, τ ) has curvature ≤ −1 at every point except at the vertices which have "concentrated" negative curvature, because the total angle about each vertex is ≥ 2π. By the Gauss-Bonnet Theorem for hyperbolic triangles, the area of (S, τ ) is
We will only be interested in π 1 -injective simplicial hyperbolic surfaces. Using the area bound of (S, τ ), we can deduce a bound on injectivity radius for points in the image of a π 1 -injective simplicial hyperbolic surface. 
, the latter being the area of a disk with the same radius in hyperbolic space. Since area [f (S)] ≤ 2π|χ(S)|, for any x in the image of a simplicial hyperbolic surface, inj N (x) ≤ K S where the constant K S depends on the Euler characteristic of S. Now let us describe an explicit construction due to Bonahon [Bo] of a simplicial pre-hyperbolic surface which will be used later to build a continuous family of simplicial hyperbolic surfaces. Let T be a triangulation of S with no doubly ideal edges, and let f : S → N be a proper map that weakly preserves parabolicity, maps every edge e in T with both endpoints at the same internal vertex to a homotopically non-trivial loop in N , and maps no two vertices of T to the same point. First, we homotop f , keeping f (V ) fixed, to a map f 1 : S → N such that if e is a finite edge in T , then f 1 (e) is the unique geodesic arc in its homotopy class. Then we properly homotop f 1 , fixing f 1 (e) over all finite edges e to a map f 2 : S → N such that if e ′ is a half infinite edge, then f 2 (e ′ ) is the half infinite geodesic ray which has the same endpoint and is properly homotopic to f (e ′ ). Note that in the universal cover, each component of the lift of f 2 (e ′ ) connects a lift of f (v) and a fixed point of a parabolic element of π 1 (N ). Recall that we are assuming that there are no doubly ideal edges, so there are no edges in the triangulation with endpoints at two distinct ideal vertices. Finally, we properly homotop f 2 , fixing f 2 (T ), to a map F (f, T ) : S → N such that each face of T is taken to the totally geodesic triangle spanned by the images of its edges. This homotopy results in a well-defined map F (f, T ) which is a simplicial pre-hyperbolic surface.
Canary [C1] proved that if each vertex of a simplicial pre-hyperbolic surface f : S → N is NLSC , then f : S → N is a simplicial hyperbolic surface. The criterion N LSC-N LSC stands for Not Locally Strictly Convex-can be described as follows: For each vertex v and an edge e with endpoint at v, we associate a point in T 1 f (v) (H 3 ) which is the unit tangent vector in the direction of f (e) (pointing
associated to edges with an endpoint at v. Note that if an edge has both endpoints at v, then we will associate two points in T A useful way to check for NLSC is via the following lemma: 
Although the ideal vertices are technically not in the domain of a simplicial hyperbolic surface f : S → N , we can define an extension map that can be used to investigate the behavior of the ideal vertices. Let S = H 2 /Θ be a surface with punctures, and letŜ = S ∪ {ideal vertices}. LetĤ 2 denote H 2 ∪ {parabolic fixed points} ⊂H 2 so thatŜ =Ĥ 2 /Θ. Let N = H 3 /Γ, and let f : S → N be a simplicial hyperbolic surface. Letf : H 2 → H 3 be a lift of f . Define the SH extension map of f to be the mapf :Ĥ 2 →H 3 such that if v is the fixed point of a parabolic element α ∈ Θ, thenf (v) is the fixed point of f * (α) ∈ Γ.
Although Θ gives S a Riemannian metric, we instead consider the simplicial hyperbolic structure τ induced by the map f . Note that Θ was needed solely to determine the ideal vertices, and that τ and the metric given by Θ are unrelated. Under the metric τ ,f maps a ray with endpoint v ∈Ĥ 2 to a piecewise geodesic ray inH 3 with endpointf (v). In fact,f maps each lift of an edge ofŜ geodesically and maps each lift of a face ofŜ totally geodesically. Thus, given a face with (possibly ideal) endpoints a, b, c in the liftT of the triangulation T ,f maps this face to a totally geodesic triangle inH 3 spanned by the pointsf (a),f (b),f (c). The following lemma guarantees that the SH extension map of a π 1 -injective simplicial hyperbolic surface does not map two parabolic fixed points to the same point. This property will be useful when altering one type of simplicial hyperbolic surface into another, as we will see in the next section. Proof. Let α and β be parabolic elements in Θ with distinct fixed points. Suppose for contradiction thatf maps the fixed point of α and the fixed point of β to the same point inH 3 . Then f * (α) and f * (β) commute in Γ. But α and β represent parabolic elements which do not commute in Θ. Therefore, f is not π 1 -injective, but this is a contradiction. So indeed,f maps no two parabolic fixed points to the same point.
3.3. Useful and Practical Simplicial Hyperbolic Surfaces. Canary does extensive work with a specific type of simplicial hyperbolic surface. A simplicial hyperbolic surface f : S → N with triangulation T is useful if T has exactly one internal vertex v, and T contains a distinguished edge which passes through v and is mapped to a closed geodesic.
Given a surface S, a π 1 -injective map f : S → N , and an edge which can be mapped to a closed geodesic, we can construct a π 1 -injective useful simplicial hyperbolic surface which is properly homotopic to f . Proof. LetS be the universal cover of S, and letṽ ∈S be a lift of v. Letẽ be the component of the pre-image of (ê ∪ v) toS which containsṽ. Letf :S → H 3 be a lift of f .
By hypothesis, there exists a geodesic axisf (ẽ) * which is properly homotopic in H 3 tof (ẽ). We can properly homotop f to a map g : (S, T ) → N which maps v to a point on the geodesic covered byf (ẽ)
* . Using Bonahon's construction, h = F (g, T ) : (S, T ) → N is a π 1 -injective simplicial pre-hyperbolic surface. Because the lifth :S → H 3 of h mapsṽ to a point onf (ẽ) * , the internal vertex v satisfies N LSC with respect to h so that h is a π 1 -injective useful simplicial hyperbolic surface with distinguished edgeê. By construction, f is properly homotopic to h.
In the case that S is a surface with at least two punctures, we can define an analogue of a useful simplicial hyperbolic surface. A simplicial hyperbolic surface f : S → N with triangulation T is practical if the following conditions are satisfied:
1. S is a surface with more than two punctures, 2. T has exactly one internal vertex, 3. T has no doubly ideal edges, and 4. there exists a union of two edges in T , called marked edges, each joining the internal vertex to an ideal vertex, such that the SH extension mapf :Ĥ 2 → H 3 maps each component of the pre-image of the marked edges to a geodesic axis which has endpoints at the parabolic fixed points associated to the ideal vertices.
Note that given a surface S with more than two punctures and a π 1 -injective map f : S → N , we can construct a π 1 -injective practical simplicial hyperbolic surface which is properly homotopic to f .
Lemma 3.5. Let S be a surface with more than two punctures, and let T be a suitable triangulation on S with exactly one internal vertex v. Let e 1 and e 2 be two edges in T joining the internal vertex v to two distinct punctures of S. If f : S → N is π 1 -injective, then there exists a π 1 -injective practical simplicial hyperbolic surface h : (S, T ) → N with marked edges e 1 and e 2 which is properly homotopic to f .
Proof. LetS be the universal cover of S, and letṽ ∈S be a lift of v. Letẽ 1 andẽ 2 be the components of the pre-images of (e 1 ∪ v) and (e 2 ∪ v) toS which intersect atṽ.
Using the notation of the SH extension map, because f is π 1 -injective, we can construct a well-defined extension mapf :Ĥ 2 →H 3 such that if w is the fixed point of a parabolic element α ∈ Θ, thenf (w) is the fixed point of f * (α) ∈ Γ. By an argument similar to that in Lemma 3.3, we can show that whereasf (ẽ 1 ) andf (ẽ 2 ) sharef (ṽ) as an endpoint, the other endpoints off (ẽ 1 ) andf (ẽ 2 ) do not coincide. Hence, there exists a geodesic axisf (ẽ 1 ∪ẽ 2 ) * which is properly homotopic inH
We can properly homotop f to a map g : (S, T ) → N which maps v to a point on the geodesic covered byf (ẽ 1 ∪ẽ 2 )
* . Using Bonahon's construction, h = F (g, T ) : (S, T ) → N is a π 1 -injective simplicial pre-hyperbolic surface. Because the lift h :S → H 3 of h mapsṽ to a point onf (ẽ 1 ∪ẽ 2 ) * , the internal vertex v satisfies N LSC with respect to h so that h is a π 1 -injective practical simplicial hyperbolic surface with marked edges e 1 and e 2 . By construction, f is properly homotopic to h.
Both useful and practical simplicial hyperbolic surfaces have the property that their images lies in the convex core as shown in the following lemma. Proof. Consider the SH extension map of f ,f :Ĥ 2 →H 3 . By definition,f maps the parabolic fixed points of π 1 (S) into Λ π1(N ) . By hypothesis f maps all the internal vertices of T into C(N ). Thus,f maps all lifts of internal vertices into CH(Λ π1(N ) ) ⊂ H 3 . Recall thatf maps a face with endpoints a, b, c to a geodesic triangle inH 3 spanned by the pointsf (a),
Suppose f : S → N is a useful simplicial hyperbolic surface with distinguished edgeê. Then f mapsê to a closed geodesic. Because all closed geodesics lie in the convex core, and the sole internal vertex v lay onê, we know that f (v) ∈ C(N ). Then by the above argument, f (S) ⊂ C(N ).
Suppose f : S → N is a practical simplicial hyperbolic surface with marked edgeŝ e 1 andê 2 . By definition,f maps each component of the pre-image of (ê 1 ∪ v ∪ê 2 ) toS to a geodesic that has endpoints at parabolic fixed points associated to the ideal vertices contained in the marked edges. Thus,f maps each component of the pre-image of (ê 1 ∪ v ∪ê 2 ) toS to a geodesic axis in (CH(Λ π1(N ) ) ∪ Λ π1(N ) ). Since the liftṽ of the sole internal vertex lay on this axis,f (ṽ) ∈ CH(Λ π1(N ) ), and hence f (v) ∈ C(N ). Then by the above argument, f (S) ⊂ C(N ).
Continuous Families of Simplicial Hyperbolic Surfaces
One of the basic tools in proving the main theorem is the theory of continuous families of simplicial hyperbolic surfaces. A similar theory for pleated surfaces was first developed by Thurston [Th1] , and this theory was developed for simplicial hyperbolic surfaces by Canary [C1] . This tool provides a way of interpolating between pairs of simplicial hyperbolic surfaces that differ in an elementary way.
A basic continuous family of simplicial pre-hyperbolic surfaces can be constructed by dragging a map along a path. This construction will be used throughout this section. We start with a simplicial pre-hyperbolic map f : (S, τ ) → N , and a path γ : [0, 1] → N such that for some vertex v ∈ T , we have f (v) = γ(0). We will construct a homotopy H :
, and H 0 = f . We will say that H is a continuous family of simplicial pre-hyperbolic surfaces obtained by dragging f along γ.
To construct H, we first choose δ < inj (S,τ ) (v) such that no other vertex of T lies within the ball
is a continuous family of simplicial pre-hyperbolic surfaces, where F is the map from Bonahon's construction described in the previous section which takes each face of T of R(x, t) to a totally geodesic triangle spanned by the images of its edges. Note that the resulting continuous family is independent of the choice of R, because under the same restrictions, the homotopy classes of the images of the edges remain the same. Also note that if one can show that the internal vertex v satisfies N LSC with respect to H t for t ∈ [0, 1], then H will be a continuous family of simplicial hyperbolic surfaces.
Given a useful simplicial hyperbolic surface f , Canary has shown how to construct a continuous family of simplicial hyperbolic surfaces in a variety of situations: changing the distinguished edge, performing an elementary move, and shrinking an accidental parabolic. These are Lemmas 5.2 to 5.4 in [C1] . We state these lemmas here for reference, and in addition, we show that the image of each of these continuous families lies in C(N ).
For the remainder of this section, for a homotopy H : S ×[0, 1] → N , the notation H t = H| S×{t} will be used. Proof. We begin by outlining the construction of the continuous family given by Canary, then we will show that its image lies in the convex core. Let W : S 1 × [0, 1] → N be a homotopy between h(ē∪v) and its geodesic representative h(ē∪v) * . LetS be the universal cover of S, and letṽ ∈S be a lift of v. Let α 1 and α 2 be the components of the pre-images of (ê ∪ v) and (ē ∪ v) toS which intersect at v. Lift both h and W to mapsh :S → H 3 andW : R × [0, 1] → H 3 such that W (R, 0) =h(α 2 ). Let γ 1 =h(α 1 ), and let γ 2 =W (R, 1). LetR be the unique common perpendicular joining γ 1 to γ 2 . Let x =R ∩ γ 1 , and letP be a geodesic arc in γ 1 joiningh(ṽ) to x. Let R and P be the projections to N ofR andP respectively. By dragging h along P , we obtain a continuous family of simplicial hyperbolic surfaces G : S × [0, 1] → N . In fact, this is a continuous family of useful simplicial hyperbolic surfaces becauseP is a geodesic arc contained in a lift of h(ê ∪ v) and hence G maps (ê ∪ v) × {t} to a closed geodesic for t ∈ [0, 1]. By dragging G 1 along R, we obtain a continuous family of simplicial hyperbolic surfaces H : S × [1, 2] → N such that H 2 (v) lies on the closed geodesic in the homotopy class of h(ē ∪ v). Then H 2 is a useful simplicial hyperbolic surface with associated triangulation T and distinguished edgeē. Finally, J is obtained by concatenating G and H. This completes the sketch of the argument given by Canary.
Because J t are useful simplicial hyperbolic surfaces for t ∈ [0, 1], their image automatically lies in C(N ). Since the sole internal vertex of each simplicial hyperbolic surface in the family J t for t ∈ [1, 2] is dragged along the arc R, by Lemma 3.6, it suffices to show that this arc lies in the convex core.
Letē be the distinguished edge of J 2 : S → N . Here,R is defined to be the unique common perpendicular between two components of lifts of h(ê ∪ v) and h(ē ∪ v), each of which is a collection of axes of hyperbolic elements. ThenR is a geodesic that joins two axes of hyperbolic elements. Because CH(Λ Γ ) is convex, we know thatR lies in CH(Λ Γ ), and hence R ⊂ C(N ). Thus, the image of J lies in the convex core of N . 
Lemma 4.2. (Lem 5.3, Canary
Proof. We begin by outlining the construction of the continuous family given by Canary, then we will show that its image lies in the convex core. LetS be the universal cover of S, and letẽ 1 ,ẽ 2 ,ẽ 3 ,ẽ 4 ,ẽ 5 , andẽ 6 be lifts of e 1 , e 2 , e 3 , e 4 , e 5 , and e 6 toS such thatẽ 1 ,ẽ 2 ,ẽ 3 , andẽ 4 form a quadrilateral with diagonalsẽ 5 andẽ 6 . Leth :S → H 3 be a lift of h. Leth(ẽ 6 ) * denote the geodesic arc joining the endpoints ofh(ẽ 6 ). Notice thath(ẽ 1 ),h(ẽ 2 ),h(ẽ 3 ),h(ẽ 4 ),h(ẽ 5 ), andh(ẽ 6 ) form a tetrahedron X in H 3 . Let v ′ denote the intersection of e 5 and e 6 , and let v ′ =ẽ 5 ∩ẽ 6 . LetR be the geodesic in X joiningh(ṽ ′ ) andh(ẽ 6 ) * . We obtain a new triangulationT of S by adding the edge e 6 to T so thatT now has an additional vertex at v ′ = e 5 ∩ e 6 . Let R be the projection to N ofR. By dragging h along R we obtain a continuous family of simplicial hyperbolic surfaces K : S × [0, 1] → N with associated triangulationT . After removing the vertex v ′ and the edge e 5 , K 1 is a useful simplicial hyperbolic surface with associated triangulation T ′ . This completes the sketch of the argument given by Canary.
Note that K 0 and K 1 are useful simplicial hyperbolic surfaces, and hence their image lies in the convex core. The triangulationT has two internal vertices, v and v ′ . To show that K(S, [0, 1]) ⊂ C(N ), by Lemma 3.6, it suffices to show that for t ∈ [0, 1], the two vertices v and v ′ are mapped into the convex core. Note that for all t ∈ [0, 1], K t (ê) is a fixed closed geodesic in N . Because v ∈ê, the vertex v is mapped into C(N ) for all t. In the construction, the vertex v ′ is dragged along a geodesic arc R, so it suffices to show that R ⊂ C(N ). Since the endpoints ofR are in CH(Λ π1(N ) ), it is clear that R ⊂ C(N ).
The following lemma extends Canary's version of the lemma by not only showing that the image of the continuous family lies in C(N ), but also by showing that the image lifts to a δ-neighborhood of the convex core of a cover. 
Proof. First let us give Canary's proof of the existence of a continuous family of simplicial hyperbolic surfaces. Let W :
LetS be the universal cover of S. Letṽ be a lift of v, and let α be the component of the pre-image of (e ′ ∪ v) toS that contains v. Lift both h and W to mapsh :S → H 3 andW :
Let t ∈ R such thath(ṽ) =W (t, 0). LetR be a geodesic ray properly homotopic toW (t, [0, ∞)), relative toW (t, 0). Note thatR has an endpoint in the sphere at infinity that corresponds to the fixed point of a parabolic element. Drag h along the projection R ofR to obtain a continuous family of simplicial pre-hyperbolic surfaces H :
For the remainder of the proof, we will consider the upper half plane model of H 3 , normalized so thatR is a geodesic ray with endpoint at infinity.
To check that we have a continuous family of simplicial hyperbolic surfaces, we will utilize Lemma 3.2 to verify that the internal vertex v satisfies NLSC with respect to H t for t ∈ [0, 1). Recall that the distinguished edge (ê ∪ v) is mapped to a closed geodesic. Let β be the component of the pre-image of (ê ∪ v) that intersectsṽ. Let γ 1 =h(β). Let g 1 be the hyperbolic isometry with axis γ 1 , and let g 2 be the parabolic isometry whose fixed point is the endpoint ofR. There are four edges ofH t (T ) which have one endpoint atH t (ṽ) have other endpoints at g 1 (H t (ṽ)), g −1 1 (H t (ṽ)), g 2 (H t (ṽ)), and g −1 2 (H t (ṽ)). By constructionH t (ṽ) lies onR. Note thatH t (ṽ) lies on the same horocycle as g 2 (H t (ṽ)) and g −1 2 (H t (ṽ)). Therefore, the geodesic spanned by g 2 (H t (ṽ)) and g −1 2 (H t (ṽ)) intersectsR aboveH t (ṽ). Now becauseṽ, g 1 (H t (ṽ)), and g −1 1 (H t (ṽ)) are all exactly a radial distance r from the axis of g 1 , we know that the geodesic joining g 1 (H t (ṽ)) and g −1 1 (H t (ṽ)) lies inside the r-neighborhood of the axis of g 1 . Then this geodesic will intersectR belowH t (ṽ). Hence,H t (ṽ) lies in the tetrahedron spanned by the four other endpoints. By Lemma 3.2, the vertex v satisfies NLSC with respect to H t for t ∈ [0, 1). Thus, H is a continuous family of simplicial hyperbolic surfaces. Now let us show that the length of H t (γ) converges to 0. As t → 1, h is dragged along R, and for each t, H t maps γ to a geodesic arc joined at its endpoints. In the universal cover H 3 , for each t, the component of the pre-image of H t (γ) which intersectsR is a piecewise-geodesic line. Within the fundamental domain in H 3 containingR, the pre-image of H t (γ) is a geodesic arc of bounded Euclidean length whose height approaches infinity as t approaches 1. So the hyperbolic length of H t (γ) converges to 0. This completes the sketch of the argument given by Canary. Now we will show that the image of the continuous family H lies in the convex core. Since h : S → N is a useful simplicial hyperbolic surface, by Lemma 3.6, its image lies in C(N ). Because the vertex is dragged along R, by Lemma 3.6, it suffices to show that R ⊂ C(N ).
One endpoint ofR is a lift of h(v). Since the distinguished edgeê passes through the vertex v, h(v) lies in the convex core of N . The other endpoint ofR is a parabolic fixed point. Because R is a geodesic ray, we know thatR ⊂ CH(Λ Γ ), and hence
Now consider the image H(S, [0, 1)). Each triangle in the finite triangulation T on S is mapped to a geodesic triangle in N with sole internal vertex h(v) ∈ R. Let H(A, 0) be the image in N of a triangle A in T . LetH : S × [0, 1) → H 3 be a lift of H. ThenH(A, 0) ⊂ H 3 consists of triangles whose vertices lie on three geodesic rays which are conjugates ofR. As t → 1, we drag the vertices ofH(A, 0) along the conjugates ofR towards conjugates of ∞. In doing so, each component of H(A, 0) converges to an ideal triangle with vertices at three conjugates of ∞. Thus, each component ofH(A, [0, 1)) lies in a totally geodesic triangular prism with three endpoints at lifts of h(v) and the three remaining (ideal) endpoints at conjugates of ∞. HenceH(S, [0, 1)) lies in a finite collection of such geodesic prisms. Here, the ideal endpoints of the prisms are conjugates of ∞ which are the fixed points of the parabolic elements associated to rank one cusps P i of N − N • ǫ . So we can conclude that H 2 (S, [0, 1)) has compact closure in N − P i . Now let S i be a component of S − γ. Here, we consider S i to be a surface with an (additional) ideal vertex associated to γ. Note that the restriction to S i of the triangulation of S forms a system of curves on S i that does not constitute a triangulation, because there are homotopic edges. However, for t ∈ [0, 1), H t still maps each edge of the system of curves to a geodesic arc and maps each face geodesically.
Let us investigate the behavior of the map H t : S → N restricted to the subsurface S i . LetH t :Ĥ 2 →H 3 be the SH extension map of H t . We will consider the restriction ofH t to the componentS i of the preimage of S i inS ⊂Ĥ 2 . We can lift the triangulation T on S to a triangulationT onS and consider the restrictionT i of the triangulationT toS i .
Let
. Because H t maps each edge to a geodesic arc and maps each face geodesically, by an argument similar to that in Lemma 3.6, to show that H t (S i ) lifts to C δ(t) (M i ), it suffices to show thatH t maps all internal vertices ofT i into CH δ(t) (Λ h * (π1(Si)) ). Furthermore, sinceH t respects the group action of π 1 (S i ), it suffices to show thatH t (ṽ) mapsṽ into CH δ(t) (Λ h * (π1(Si)) ).
Because C(M i ) is nonempty, the convex hull of Λ h * (π1(Si)) must contain a geodesic rayỸ with endpoint at infinity. LetH t (ṽ) be a point of height r t onR. Recall thatR is also a geodesic ray with endpoint at infinity. Then for a fixed t, there exists δ(t) > 0 such that d(H t (ṽ),Ỹ ) < δ(t) so thatH t (ṽ) ∈ CH δ(t) (Λ h * (π1(Si)) ). Therefore, H t (S i ) lifts to C δ(t) (M i ).
BecauseR is a fixed Euclidean distance fromỸ , as t → 1, r t → ∞, and hence d(ṽ t ,Ỹ ) → 0. Therefore, as t → 1, δ(t) → 0. Furthermore, because we have eliminated the accidental parabolic associated to γ, for t ∈ [0, 1), the map H t : S i → N has fewer accidental parabolics than H 0 : S → N . Now we will prove the analogues of Lemmas 4.1, 4.2, and 4.3 for practical simplicial hyperbolic surfaces. These lemmas alter the marked edges, perform an elementary move, and shrink an accidental parabolic. Furthermore, the images of these continuous families lie in C(N ). Proof. The proof of this lemma mimics that of Lemma 4.1; we give a brief outline here. LetS be the universal cover of S, and letṽ ∈S be a lift of v. Let α 1 and α 2 be the components of the pre-images of (ê 1 ∪ê 2 ∪ v) and (ê 3 ∪ê 4 ∪ v) toS which intersect at a pointṽ. Lift h to a maph :S → H 3 . Let γ 1 =h(α 1 ). Because h is a π 1 -injective simplicial hyperbolic surface, Lemma 3.3 guarantees that the SH extensionh maps no two parabolic fixed points to the same point. Thus there exists a geodesic axis γ 2 in the proper homotopy class ofh(α 2 ).
TakeR to be the unique common perpendicular joining γ 1 to γ 2 . Let x =R ∩ γ 1 , and letP be a geodesic arc in γ 1 joiningh(ṽ) to x. Let R and P be the projections ofR andP respectively. We construct J by dragging h along P , and then R. The remainder of the proof is similar to that of Lemma 4.1. 
Proof. The proof of this lemma mimics that of Lemma 4.2; we give a brief outline here. Letẽ 1 ,ẽ 2 ,ẽ 3 ,ẽ 4 ,ẽ 5 , andẽ 6 be lifts of e 1 , e 2 , e 3 , e 4 , e 5 , and e 6 toS such that e 1 ,ẽ 2 ,ẽ 3 , andẽ 4 form a quadrilateral with diagonalsẽ 5 andẽ 6 . Leth :S → H 3 be a lift of h. Leth(ẽ 6 ) * denote the geodesic arc joining the endpoints ofh(ẽ 6 ). Notice thath(ẽ 1 ),h(ẽ 2 ),h(ẽ 3 ),h(ẽ 4 ),h(ẽ 5 ), andh(ẽ 6 ) form a tetrahedron X in H 3 . Let v ′ denote the intersection of e 5 and e 6 , and letṽ ′ =ẽ 5 ∩ẽ 6 . LetR be the geodesic in X perpendicular toh(ẽ 6 ) * and passing throughh(ṽ ′ ). We obtain a new triangulationT of S by adding e 6 to T which now has an additional vertex at v ′ = e 5 ∩ e 6 . Let R be the projection to N ofR. By dragging h along R we obtain a continuous family of simplicial pre-hyperbolic surfaces K : S × [0, 1] → N with associated triangulationT . The remainder of the proof is similar to that of Lemma 4.2. 
Proof. The proof of this lemma is virtually identical to that of Lemma 4.3.
Sometimes it will be necessary to construct a continuous family that interpolates between a useful and a practical simplicial hyperbolic surface. Proof. The proof of this lemma also mimics that of Lemma 4.1. We outline the argument here. LetS be the universal cover of S, and let α 1 and α 2 be components of pre-images of (ê ∪ v) and (ê 1 ∪ê 2 ∪ v) toS which intersect at a pointṽ which is a lift of v. Lift h to a maph :S → H 3 . Let γ 1 =h(α 1 ). Because h is a π 1 -injective simplicial hyperbolic surface, Lemma 3.3 guarantees that the SH extensionh maps no two parabolic fixed points to the same point. Then there exists a geodesic axis γ 2 in the proper homotopy class ofh(α 2 ).
LetR be the unique common perpendicular joining γ 1 to γ 2 . Let x =R ∩ γ 1 , and letP be a geodesic arc in γ 1 joiningh(ṽ) to x. Let R and P be the projections to N ofR andP respectively. We construct J by dragging h along P , then R. The remainder of the proof is similar to that of Lemma 4.1.
Finally, let Θ be a cofinite area torsion-free Fuchsian group, and let S = H 2 /Θ. Let Γ be a Kleinian group such that there exists a weakly type-preserving isomorphism between Θ and Γ. Let N = H 3 /Γ. A compact coreR of N will be homeomorphic toS × [0, 1] (Thm 10.5, Hempel [He] ) via a homeomorphismh whereS is a compact core of S. Suppose N has accidental parabolics associated to both h(S, 0) andh(S, 1).
If a triangulation on S has edges which represent accidental parabolics associated to bothh(S, 0) andh(S, 1), the following lemma enables us to construct a continuous family which shrinks both the accidental parabolics. 
) and where δ ′ : (−1, 1) → R is a function such that as t → 1, δ ′ (t) → 0. Furthermore, for t ∈ (−1, 1), the map H t : S ′ i → N has fewer accidental parabolics than H 0 : S → N ; and 5. for a component S 
, and such thath(v) =W ′ (t, 0) =W ′′ (t, 0) for some t ∈ R.
LetR be the geodesic line properly homotopic to [
. Then the endpoints ofR at the sphere at infinity are distinct parabolic fixed points. Note thatṽ may not lie onR.
. We can properly homotop h to a map f : (S, T ) → N which maps v to Y (s, 1). Using Bonahon's construction, f = F (h, T ) : (S, T ) → N is a π 1 -injective simplicial pre-hyperbolic surface. We then drag f along the projection R ofR to obtain a continuous family of simplicial pre-hyperbolic surfaces H : S × (−1, 1) → N . Now we will show that H is in fact a continuous family of simplicial hyperbolic surfaces. We will use Lemma 3.2 to verify that the internal vertex v satisfies N LSC with respect to H t for t ∈ (−1, 1). Without loss of generality, we can renormalize so thatR has endpoints at ∞ and 0, and that the parabolic element with fixed point at ∞ is g 1 and the other parabolic element with fixed point at 0 is g 2 .
There are four edges ofH t (T ) which have one endpoint atH t (ṽ) have other endpoints at g 1 (H t (ṽ)), g −1 1 (H t (ṽ)), g 2 (H t (ṽ)), and g −1 2 (H t (ṽ)). By constructioñ H t (ṽ) lies onR. Note thatH t (ṽ) lies on the same horocycle based at ∞ as g 1 (H t (ṽ)) and g −1 1 (H t (ṽ) ). Therefore, the geodesic spanned by g 1 (H t (ṽ)) and g −1 1 (H t (ṽ)) intersectsR aboveH t (ṽ). Note thatH t (ṽ) lies on the same horocycle based at 0 as g 2 (H t (ṽ)) and g −1 2 (H t (ṽ)). Therefore the geodesic spanned by g 2 (H t (ṽ)) and g −1 2 (H t (ṽ)) intersectsR belowH t (ṽ). Hence,H t (ṽ) lies in the tetrahedron spanned by the four other endpoints. By Lemma 3.2, the vertex v satisfies NLSC with respect to H t for t ∈ (−1, 1). Thus, H is a continuous family of simplicial hyperbolic surfaces.
The remainder of the proof is similar to that of Lemma 4.3.
Bounds for Surface Groups
The following theorem of Kerckhoff-Thurston [KT] states that given a Kleinian group that is type-preserving isomorphic to a Fuchsian group, then there exists an upper bound on the injectivity radius for points in the convex core of the associated hyperbolic 3-manifold.
Theorem 5.1. (Kerckhoff-Thurston [KT]) Let Θ be a cofinite area torsion-free Fuchsian group, and let S = H 2 /Θ. Then there exists a constant K S such that for any Kleinian group Γ such that there exists a type-preserving isomorphism between
Θ and Γ, and for x ∈ C(N ) where
A proof of their theorem also appears in Canary [C1] . A special case of the above theorem is the version given in the introduction: Given an I-bundle M over a closed surface S, then there exists an upper bound on injectivity radius for points in the convex core of any hyperbolic 3-manifold N without cusps such that N is homeomorphic to the interior of M . The special case excludes all parabolic elements.
Our goal in this section is to prove an extension of this theorem that includes the possibility of accidental parabolics.
Theorem 5.2. Let Θ be a cofinite area torsion-free Fuchsian group, and let
There exists a constant L S such that for any Kleinian group Γ such that there exists a weakly type-preserving isomorphism between Θ and Γ, and for x ∈ C(N ) where
Proof. We first give an outline of the proof. We will use induction on the number of accidental parabolics in the weakly type-preserving isomorphism. This will divide the proof into three cases, each of which will be proved by dividing the convex core into a compact core and its complement. Using the induction hypothesis and continuous families of simplicial hyperbolic surfaces, points in both the compact core of the convex core and the complement will have bounded injectivity radius. This completes the outline of the proof. Recall that Sullivan [Su1] has shown that for a finitely generated Kleinian group, there can be at most a finite number of conjugacy classes of maximal abelian subgroups associated to accidental parabolics. We will use induction on the number of accidental parabolics.
The base step in the induction is the case where there are no accidental parabolics. In this case, Θ is isomorphic to Γ via a type-preserving isomorphism. Then by Theorem 5.1, we know that there exists a constant K S such that the injectivity radius for points in the convex core is bounded above by K S . Thus, we are done. Now let us deal with the induction step. Suppose that the induction hypothesis is true for a weakly type-preserving isomorphism with fewer than p accidental parabolics. Let Γ j be a Kleinian group that is weakly type-preserving isomorphic to a Fuchsian group Θ j with fewer than p accidental parabolics. Let M j = H 3 /Γ j and S j = H 3 /Θ j . Then by the induction hypothesis, for x ∈ C(M j ), inj Mj (x) ≤ L Sj . Formally, we are assuming the existence of an upper bound L Sj ,p ′ on injectivity radius for points in C(M j ) where the bound depends on the number p ′ < p of accidental parabolics in the isomorphism between Θ j and Γ j , and we will use this bound to establish an upper bound L S,p on injectivity radius for points in C(N ) where Θ and Γ are weakly type-preserving isomorphic with p accidental parabolics. Here, L Sj,0 = K Sj , the bound obtained from Theorem 5.1. For ease of exposition, we will let L Sj = max p ′ <p {L Sj,p ′ } denote the upper bound on injectivity radius for points in C(M j ) for all weakly type-preserving isomorphisms between Θ j and Γ j with less than p accidental parabolics, and we will use this bound to establish an upper bound L S on injectivity radius for points in C(N ), where Θ and Γ are weakly type-preserving isomorphic with p accidental parabolics.
Let 0 < ǫ < ǫ 3 . LetR be a relative compact core of N • ǫ with associated parabolic locusP , and letS be a compact core of S. Then because Γ is isomorphic to Θ,R is homeomorphic toS × [0, 1]. (Thm 10.5, Hempel [He] ) Leth :S × [0, 1] →R be a homeomorphism whereh is in the homotopy class induced by the weakly typepreserving isomorphism andh(∂S × [0, 1]) is a collection of components ofP . We can extend the homeomorphismh| (S,0) to a homeomorphism h : S → N on S as follows: Let h be a proper embedding such that h(x) =h(x, 0) for x ∈S, and let h(S) = (h(S, 0)) P where (h(S, 0)) P is the parabolic extension ofh(S, 0).
Recall that every parabolic element of Γ can be associated to a closed curve in the parabolic locusP ofR. In particular, every accidental parabolic can be associated to a closed curve in a component of [P ∩h(S, 0)] ∪ [P ∩h(S, 1)]. Let the accidental parabolics that are associated to a curve on [P ∩h(S, 0)] be called accidental parabolics associated to A; let the others be called accidental parabolics associated to B. Let us first assume that there are accidental parabolics associated to both A and B; we will discuss the proof in the case where accidental parabolics are associated to only one of A and B later.
Case I. Accidental Parabolics Associated to A and B.
Let us give an outline of the proof in this case. We will divide the convex core into a compact core and its complement. Then we will cover the convex core with continuous families of simplicial hyperbolic surfaces and projections of convex cores of covers with fewer accidental parabolics (which, by the induction hypothesis, have bounded injectivity radius), so that points in the compact core will have bounded injectivity radius. The remaining portions of the convex core will either lie in an ǫ-thin part, or will lie in the projection of the convex core of a cover with fewer accidental parabolics. This completes the outline of the proof in this case.
The first step of the proof in Case I will be to find a continuous family of simplicial hyperbolic surfaces which shrinks an accidental parabolic associated to A and an accidental parabolic associated to B. We will want points in the image of this continuous family to lie in the convex core and to have bounded injectivity radius.
Consider a triangulation T 1 containing an edge which represents an accidental parabolic associated to A. Either there exists an edge in T 1 which represents an accidental parabolic associated to B, or not. In the latter case, we can perform the modified HH sequence of elementary moves altering T 1 to a triangulation T 2 containing an edge representing an accidental parabolic associated to B. Let T A be the "last" triangulation in the sequence in which there is an edge γ A representing an accidental parabolic associated to A. Let T B be the "first" triangulation in the sequence in which there is an edge γ B representing an accidental parabolic associated to B. There are two possibilities: (1) T A and T B are adjacent, or (2) they are separated by triangulations whose edges are not accidental parabolics associated to either A or B.
In either of these cases, we say that the sequence of triangulations has P roperty T , that is, there exist triangulations T A and T B in our sequence such that:
1. the edges of T A may only represent accidental parabolics associated to A, 2. the edges of T B may only represent accidental parabolics associated to B, and 3. the edges of each intermediary triangulation do not represent accidental parabolics associated to either A or B.
Note that when T A and T B are adjacent, there are no intermediary triangulations. Thus, we can see that either a sequence of triangulations has P roperty T , or there exists a triangulation with edges which represent accidental parabolics associated to both A and B.
Case IA. There Exists a Sequence of Triangulations with P roperty T .
Suppose our sequence of triangulations has P roperty T . Now there are two cases as well: either T A and T B are separated by at least one intermediary triangulation, or not.
Case IA(1). T A and T B Separated by at Least one Intermediary Triangulation.
In this case, there exist triangulations T A and T B such that exactly one edge γ A of T A is an accidental parabolic associated to A, and exactly one edge γ B of T B is an accidental parabolic associated to B, such that the edges of each intermediary triangulation are not accidental parabolics associated to either A or B. The fact that there is exactly one edge in each triangulation associated to an accidental parabolic follows directly from the fact that an elementary move alters exactly one edge in the triangulation.
If S is a 4-punctured sphere, then there is exactly one nonperipheral edge in its suitable, one-vertex triangulation. Thus, in T A , this nonperipheral edge is γ A ; similarly, in T B , this nonperipheral edge is γ B . Letê 1 andê 2 be any two edges in T A joining distinct ideal vertices to the sole internal vertex. We can use Lemma 3.5 to construct a π 1 -injective practical simplicial hyperbolic surface f : (S, T A ) → N with marked edgesê 1 andê 2 such that f is properly homotopic to h : S → N . Let e 3 andê 4 be any two edges in T B joining distinct ideal vertices to the sole internal vertex. Similarly, construct a π 1 -injective practical simplicial hyperbolic surface g : (S, T B ) → N with marked edgesê 3 andê 4 such that g is properly homotopic to h : S → N .
By repeatedly using Lemmas 4.5 and 4.4, we can construct the HH interpolation
(Note that we have henceforth abandoned the notation H t = H| (S,t) from Section 4.) Here, we are using Lemma 4.5 to perform the elementary moves in the modified HH sequence of triangulations which do not involve the existing marked edges, and we are using Lemma 4.4 to change the marked edges when necessary. Now we can use Lemma 4.6, setting H 1 | (S,1) = H 2 | (S,0) , to obtain a continuous family of simplicial hyperbolic surfaces H 2 : S ×[1, 2) → N that shrinks the accidental parabolic γ A . Similarly, we can apply Lemma 4.6, setting H 1 | (S,0) = H 3 | (S,0) , to obtain a continuous family of simplicial hyperbolic surfaces H 3 : S × (−1, 0] → N that shrinks the accidental parabolic γ B .
If S is not a 4-punctured sphere, then there exists a nonperipheral edgeê 1 in T A which does not represent an accidental parabolic, and hence can be mapped to a closed geodesic. Similarly, there exists a nonperipheral edgeê 2 in T B which does not represent an accidental parabolic, and hence can be mapped to a closed geodesic. Using Lemma 3.4, there exists a π 1 -injective useful simplicial hyperbolic surface f : (S, T A ) → N with distinguished edgeê 1 such that f is properly homotopic to h : S → N . Similarly, there exists a π 1 -injective useful simplicial hyperbolic surface g : (S, T B ) → N with distinguished edgeê 2 such that g is properly homotopic to h : S → N .
By repeatedly using Lemma 4.2, we can construct a continuous family of simplicial hyperbolic surfaces that performs the elementary moves indicated in the modified HH sequence of triangulations that interpolates between T A and T B . We can also use Lemma 4.1 to construct a continuous family that alters the distinguished edge fromê 1 toê 2 as needed in the modified HH sequence. By concatenating all of these continuous families, we construct the HH interpolation
Now we can use Lemma 4.3, setting H 1 | (S,1) = H 2 | (S,0) , to obtain a continuous family of simplicial hyperbolic surfaces H 2 : S ×[1, 2) → N that shrinks the accidental parabolic γ A . Similarly, we can apply Lemma 4.3, setting H 1 | (S,0) = H 3 | (S,0) , to obtain a continuous family of simplicial hyperbolic surfaces H 3 : S × (−1, 0] → N that shrinks the accidental parabolic γ B .
Case IA(2). T A and T B Not Separated by at Least one Intermediary Triangulation.
In this case, we can conclude that T A and T B are adjacent triangulations, that is, the elementary move alters the edge γ A to the edge γ B .
If S is a 4-punctured sphere, then because its suitable, one-vertex triangulation contains exactly one nonperipheral edge, we know that in T A , γ A is that nonperipheral edge, and that in T B , γ B is that nonperipheral edge. Letê 1 andê 2 be any two edges in T A joining distinct ideal vertices to the sole internal vertex. We can use Lemma 3.5 to construct a π 1 -injective practical simplicial hyperbolic surface f : (S, T A ) → N with marked edgesê 1 andê 2 such that f is properly homotopic to h : S → N . Letê 3 andê 4 be any two edges in T A joining distinct ideal vertices to the sole internal vertex. Similarly, construct a π 1 -injective practical simplicial hyperbolic surface g : (S, T B ) → N with marked edgesê 3 andê 4 such that g is properly homotopic to h : S → N .
We can use Lemma 4.5 to perform the elementary move that separates the triangulations T A and T B . We can also use Lemma 4.4 to construct a continuous family that alters the marked edges fromê 1 andê 2 toê 3 andê 4 . After concatenating all of these continuous families, we construct the HH interpolation
Now we can apply Lemma 4.6, setting H 1 | (S,0) = H 3 | (S,0) , to obtain a continuous family of simplicial hyperbolic surfaces H 3 : S × (−1, 0] → N that shrinks the accidental parabolic γ B .
If S is not a 4-punctured sphere, then there exist edgesê 1 = γ A of T A and e 2 = γ B of T B , each of which can be mapped to a closed geodesic. Therefore, we can use Lemma 3.4 to construct a π 1 -injective useful simplicial hyperbolic surface f : (S, T A ) → N with distinguished edgeê 1 such that f is properly homotopic to h : S → N . Similarly, construct a π 1 -injective useful simplicial hyperbolic surface g : (S, T B ) → N with distinguished edgeê 2 such that g is properly homotopic to h : S → N .
We can use the Lemma 4.2 to perform the elementary move that separates the triangulations T A and T B . We can also use Lemma 4.1 to construct a continuous family that alters the distinguished edge fromê 1 toê 2 . After concatentating all of these continuous families, we construct the HH interpolation
Case IB. There Does Not Exist a Sequence of Triangulations with P roperty T .
If we cannot construct a sequence of triangulations with P roperty T , then as we argued before, there exists a triangulation that contains edges that are accidental parabolics associated to both A and B. Using Lemma 4.8 we can construct a continuous family of simplicial hyperbolic surfaces H 1 : S × (−1, 2) → N that shrinks the accidental parabolic γ A as t → 2, and that shrinks the accidental parabolic γ B as t → −1.
in Case IB) be the union of the images of the continuous families of simplicial hyperbolic surfaces. Lemmas 4.1, 4.2, 4.3, 4.4, 4.5, 4.6, and 4.8 guarantee that W ⊂ C(N ). Furthermore, we also know that for any x ∈ W lies in the image of a simplicial hyperbolic surface, and hence, by Lemma 3.1, inj N (x) ≤ K S where the constant K S depends on the Euler characteristic of S. Now we have bounded the injectivity radius in a portion of the convex core.
Because Γ is isomorphic to a surface group which contains no Z ⊕ Z subgroups, N − N 
Now we will show that φ(W ) is compact. Canary (Lem 4.4 [C1] ) has shown that for a simplicial hyperbolic surface f whose vertices are N LSC,
where r i (x) denotes the r i -coordinate of f (x). Therefore, to show that φ(W ) is compact, it suffices to show that W has compact closure in N − P i . Because H 1 (S × {t}) has compact closure in N − P i for t ∈ [0, 1] and [0, 1] is compact, we know that the image H 1 (S, [0, 1]) in N − P i is compact. Thus, we need only consider the images H 2 (S, [1, 2)), H 3 (S, (−1, 0]), and H 1 (S, (−1, 2)). By Lemmas 4.3, 4.6, and 4.8, we know that H 2 (S, [1, 2)), H 3 (S, (−1, 0]), and H 1 (S, (−1, 2)) have compact closure in N − P i , and hence φ(W ) is compact. The next step in the proof of Case I involves finding a compact core R of N − P S , where P S represents the collection of rank one cusps of N • ǫ associated to ∂S, such that points in R have bounded injectivity radius.
Let ξ : S → N denote the map H 1 | (S,1) : S → N . Let {S j } be the components of S − γ A , and let {S k } be the components of S − γ B . Let {M j = H 3 /ξ * (π 1 (S j ))} and {M k = H 3 /ξ * (π 1 (S k ))} be covers of N with covering maps {p j } and {p k } respectively. Let P A and P B be the rank one cusps of N • ǫ associated to γ A and γ B respectively. Let P = P A ∪ P B ∪ P S .
Given 0 < ǫ < ǫ 3 . By Lemma 2.6, there exists a relative compact core R * of
* such that each U j is adjacent to P A , and let {U k } be the components of [C 2ǫ 
In the following lemma, we will choose a compact core R of N − P S such that R contains R * , R lies in C 2ǫ (N ), and points in R have bounded injectivity radius. Figure 6 may help to keep track of all of the different surfaces used in the proof.
Lemma 5.3. For all 0 < ǫ < ǫ 3 , there exists a compact core R of N − P S bounded by surfaces T 1 and T 2 such that the following are true:
Proof. Let us begin with an outline of the proof. We will first choose T 1 and T 2 to be incompressible surfaces in C(N ) such that subsurfaces of T 1 and T 2 lift to C ǫ (M j ) and C ǫ (M k ), and T 1 and T 2 bound a submanifold of N . For each i, we will construct an embedded surface T ′ i ⊂ C 2ǫ (N ) that is properly homotopic to T i via a homotopy ζ i whose image lies in p j (C 2ǫ (M j )) such that the {T ′ i } bound a submanifold that contains T 1 and T 2 . For each i, let
We will show that R is contained in the union of W and the images of the homotopies {ζ i }, so that points in R will have bounded injectivity radius.
Because γ A is not an accidental parabolic in M j , M j has fewer accidental parabolics than N . Therefore, by the induction hypothesis, for every
LetS j be a subsurface of S obtained by cutting S along γ A . ThenS j is a surface with boundary containing of one or two copies of γ A . LetS k be the analogous subsurface of S, obtained by cutting S along γ B , with boundary consisting of one or two copies of γ B . By Lemma 4.3 (or Lemma 4.6 if S is a 4-punctured sphere), there exists η > 0 such that for every j and k, H 2 (S j , 2 − η) lifts to C ǫ (M j ) and H 3 (S k , −1 + η) lifts to C ǫ (M k ). We also require that H 2 (v, 2 − η) ⊂ P A and H 3 (v, −1 + η) ⊂ P B .
Let T 1 = H 2 (S, 2 − η) ⊂ C(N ), and let T 2 = H 3 (S, −1 + η) ⊂ C(N ). Now we will construct the surfaces T ′ 1 and T ′ 2 . Let P * be the parabolic locus associated to R * . Because the fundamental group of N is isomorphic to a surface group, we know that R * is homeomorphic toS×[0, 1]. (Thm 10.5, Hempel [He] ) Because P * is a disjoint collection of incompressible annuli in ∂R * such that ∂S × I ⊂ P * , we can conclude that the components of ∂R * − P * are incompressible in N and hence also in C 2ǫ (N ). Note that R * is also a relative compact core for N − P where the components of ∂R * − P * are incompressible in N . Then we can apply Lemma 2.7 to show that each U ′ j possesses a product structure. By the Lifting Theorem, the inclusion map of the product structure into N lifts to an inclusion map of the product structure into M j . LetŨ ′ j be the image of the lifted inclusion map in M j . ThenŨ ′ j has a product structure, and
Note that R * is also a relative compact core for C 2ǫ (N )−P where the components of ∂R * − P * are incompressible in C 2ǫ (N ). Then we can apply the argument of Lemma 2.7 to C 2ǫ (N ) − P to show that each U j possesses a product structure. By the Lifting Theorem, the inclusion map of the product structure into N lifts to an inclusion map of the product structure into M j . LetŨ j be the image of the lifted inclusion map in M j . ThenŨ j has a product structure, and p j |Ũ j :Ũ j → U j is a homeomorphism.
LetP A be the rank one cusp of (M j )
• ǫ associated to γ A where p j (P A ) = P A . Similarly, letP S be the rank one cusp(s) of (M j )
• ǫ associated to the ideal vertices ofS j where p j (P S ) = P S . We will letP j =P A ∪P S . Now we will show that for each j,Ũ j ⊂ C 2ǫ (M j ). Suppose not. Then there existsx ∈Ũ j − C 2ǫ (M j ) and a componentÃ j of ∂C 2ǫ (M j ) such thatÃ j separates x from C 2ǫ (M j ). Consider a geodesic rayḡx in M j − C 2ǫ (M j ) that is perpendicular toÃ j and passes throughx. Let gx be the portion ofḡx beginning atx. Note that by Lemma 2.1, the injectivity radius strictly increases out a geometrically finite end, so the ray gx is entirely contained in (M j )
• ǫ . Let Q j = U j ∩ R * , and letQ j be the lift of Q j toŨ j . Without loss of generality, let us assume that gx intersectsQ j , transversely. Then one of the three following cases occurs: (1) gx intersectsQ j an odd number of times, (2) gx intersects a different boundary component of the closure ofŨ j , or (3) all but a compact portion of gx is completely contained inŨ j .
Suppose gx intersectsQ j an odd number of times. BecauseQ j is a properly embedded surface separating M j −P j ,Q j has two sides. Let the component of [M j −P j ] −Q j containingŨ j be the positive side ofQ j . Then the last time gx intersectsQ j , gx passes from the positive to the negative side ofQ j .
Let Q j = p j (Q j ) ⊂ U j . Downstairs, we can also let the side of [C 2ǫ (N ) − P] − Q j containing U j be the positive side of Q j . Recall that because φ[H 2 (S j , 2 − η)] ⊂ φ(W ) ⊂ R * , and U j is a component of [C 2ǫ (N ) − P] − int R * , then we know that φ[H 2 (S j , 2 − η)] lies on the negative side of Q j .
Because p j |Ũ j is a homeomorphism and Q j lifts toQ j , we can conclude that φ[H 2 (S j , 2 − η)] lies to the negative side ofQ j . Note that φ[H 2 (S j , 2 − η)] is an incompressible separating surface of M j −P j , and that φ[H 2 (S j , 2 − η)] is homologous toQ j . Also note that gx leaves every compact set of (M j )
• ǫ and all but a compact portion of gx lies in (M j )
. So this is a contradiction.
Suppose gx intersects a different boundary component of the closure ofŨ j . Then p j (gx) intersects some component B j of ∂C 2ǫ (N ) such that B j is a boundary component of the closure of U j in N . By Lemma 2.3, B j lifts to a componentB j of ∂C 2ǫ (M j ). Because gx intersectsB j , there is a portion ofḡx that containsx and joins two components of ∂C 2ǫ (M j ). Because C 2ǫ (M j ) is convex,x ∈ gx must lie in C 2ǫ (M j ), which is a contradiction.
Then all but a compact portion of gx is contained inŨ j . Using the coordinates (θ i , r i , s i ) on each component of P adjacent toŨ ′ j , we can extend the homeomor-
For each j, chooseF j ⊂ M j to be a level surface in the product structure of U j such that the compact surfaceH 2 (S j , 2 − η) lies to one side ofF j . Let AP A ,j be embedded annuli inP A ∩ C 2ǫ (M j ) with boundary components ∂F j ∩ ∂P A and H 2 (γ, 2 − η). Also, for each component ofP S , let AP S ,j = (φ|P
By construction, the surfaceF j is embedded in C 2ǫ (M j ) and properly homotopic in M j toH 2 (S j , 2 − η).
For each j, we can define [2, 3] ) is a geodesic arc with the same endpoints and in the same homotopy class as α j (x, [2, 3] 
For each j, letF j = p j (F j ) so thatF j is a level surface in the product structure of U j , let A PA,j = p j (AP A ,j ), let A PS ,j = p j (AP S ,j ), and letF
For each j, we can let δ j = p j • β j . This map will be a proper homotopy between
. We can construct the analogous surface T ′ 2 = ( kF ′ k ) by repeating this process so that eachF ′ k is the union of embedded annuli A PB ,k in P B , infinite annuli A PS ,k in P S , and a level surfaceF k in the product structure of U k such thatF k lies to one side of H 3 (S k , −1 + η).
For i = 1, 2, the surfaces T ′ i are embedded and properly homotopic to T i by construction. Construct a proper homotopy ζ 1 : S × [2, 3] → N between ζ 1 (S, 2) = T 1 and ζ 1 (S, 3) = T ′ 1 such that ζ 1 |S j = δ j for all j. By construction, the image of
By construction T 1 and T 2 are properly homotopic in N − P S to the components of ∂R * − P * S , where P * S denotes the components of P * associated to P S . So T 1 , T 2 and the boundary components of R * − P * S span a product structure in C 2ǫ (N ). (Thm 10.5, Hempel [He] ) Hence, T 1 and T 2 are boundary components of a new set R ⊂ C 2ǫ (N ) which is a compact core of N − P S . Now we will show that
Because T ′ 1 and T ′ 2 are embedded, incompressible surfaces that are properly homotopic in N , we can conclude that T 1 and T 2 are embedded, incompressible surfaces that are properly homotopic in N − P S . So T 1 and T 2 span a product structure in N − P S . (Thm 10.5, Hempel [He] 
Note that in Case IB, we must use Lemma 4.8 to find η, and replace the maps H i andH i for i = 2, 3 with H 1 andH 1 , keeping the domains the same. This completes the proof of Lemma 5.3. Now we have bounded the injectivity radius for points in a compact core R of N − P S which contains R * . Consider again the surface constructed in the previous lemma T 1 ∩U ′ j =F j ⊂ ∂R which was a π 1 -injective, separating, level surface in the product structure of U j . Let W ′ j be the closure of the component of (
. So by the induction hypothesis and Lemma 2.2, We begin with a sketch of the proof of Case IIA. Again we will divide the convex core into a compact core and its complement. Using a continuous family of simplicial hyperbolic surfaces and projections of convex cores of covers with fewer accidental parabolics, points in the compact core will have bounded injectivity radius. The remaining portions will lie in an ǫ-thin part, lie in the projection of a cover which has fewer accidental parabolics, or lie in the image of a simplicial hyperbolic surface. This completes the sketch of the proof in this case.
The first step in the proof of Case IIA will be to find a continuous family of simplicial hyperbolic surfaces which shrinks an accidental parabolic associated to B. We will want points in the image of this continuous family to lie in the convex core and to have bounded injectivity radius.
In Theorem 4.1 [C2] , Canary has shown that if E is a simply degenerate end of N • ǫ , then there exists a sequence of useful simplicial hyperbolic surfaces which are properly homotopic to h : S → N and which exit every compact set in E. Recall thatR, a relative compact core of N • ǫ with associated parabolic locusP , is homeomorphic toS × [0, 1], whereS is a compact core of S. Therefore, the sequence of useful simplicial hyperbolic surfaces have the form f : (S, T ) → N . Let f : (S, T A ) → N be a useful simplicial hyperbolic surface in E with distinguished edgeê 1 .
In the triangulation T A , either there exists an edge which represents an accidental parabolic associated to B or not. In the latter case, let T 2 be a triangulation of S such that there exists an edge in T 2 which is an accidental parabolic associated to B. We can perform the modified HH sequence of elementary moves altering T A to T 2 . Let T B be the "first" triangulation in the sequence in which there is an edge γ B representing an accidental parabolic associated to B. There are two cases: (1) T A and T B are adjacent, or (2) they are separated by triangulations whose edges are not accidental parabolics associated to B.
In either of these cases, we say that the sequence of triangulations has P roperty T B , that is, there exist triangulations T A and T B in our sequence such that:
1. the edges of T A do not represent accidental parabolics, 2. the edges of T B may only represent accidental parabolics associated to B, and 3. the edges of each intermediary triangulation do not represent accidental parabolics associated to B.
Note that when T A and T B are adjacent, there are no intermediary triangulations. Thus, we can see that either a sequence of triangulations has P roperty T B , or there exists an edge in the triangulation T A which represents an accidental parabolic associated to B.
Case IIA(1). There Exists a Sequence of Triangulations with P roperty T B .
Suppose our sequence of triangulations has P roperty T B . Now there are two cases: either T A and T B are separated by at least one intermediary triangulation, or not.
Case IIA(1)a. T A and T B Separated by at Least one Intermediary Triangulation.
In this case, there exist triangulations T A and T B such that no edge of T A is an accidental parabolic, and exactly one edge γ B of T B is an accidental parabolic associated to B, such that the edges of each intermediary triangulation are not accidental parabolics associated to B. The fact that there is exactly one edge of T B associated to an accidental parabolic follows directly from the fact that an elementary move alters exactly one edge in the triangulation.
If S is a 4-punctured sphere, then there is exactly one nonperipheral edge in its suitable, one-vertex triangulation. Thus, in T A , this nonperipheral edge isê 1 ; in T B , this nonperipheral edge is γ B . Letê Now we can use Lemma 4.6, setting H 1 | (S,1) = H 2 | (S,0) , to obtain a continuous family of simplicial hyperbolic surfaces H 2 : S × [1, 2) → N that shrinks the accidental parabolic γ B .
If S is not a 4-punctured sphere, then there exists a nonperipheral edgeê 2 = γ B in T B which does not represent an accidental parabolic, and hence can be mapped to a closed geodesic. Then by Lemma 3.4, we can construct a useful simplicial hyperbolic surface g : (S, T B ) → N with distinguished edgeê 2 .
By repeatedly using Lemma 4.2, we can construct a continuous family of simplicial hyperbolic surfaces that performs the elementary moves indicated in the modified HH sequence of triangulations that interpolates between T A and T B . We can also use Lemma 4.1 to construct a continuous family that alters the distinguished edge fromê 1 toê 2 as needed in the modified HH sequence. By concatenating all of these continuous families, we have the
Now we can use Lemma 4.3, setting H 1 | (S,1) = H 2 | (S,0) , to obtain a continuous family of simplicial hyperbolic surfaces H 2 : S × [1, 2) → N that shrinks the accidental parabolic γ B .
Case IIA(1)b. T A and T B Not Separated by at Least one Intermediary Triangulation.
In this case, we can conclude that T A and T B are adjacent triangulations, that is, the elementary move alters an edge of T A to the edge γ B .
If S is a 4-punctured sphere, then because its suitable, one-vertex triangulation contains exactly one nonperipheral edge, we know that in T A ,ê 1 is that nonperipheral edge, and in T B , γ B is that nonperipheral edge. Letê We can use Lemma 4.7 to construct a continuous family of simplicial hyperbolic surfaces which interpolates between the useful simplicial hyperbolic surface f : (S, T A ) → N with distinguished edgeê 1 and the practical simplicial hyperbolic surface f ′ : (S, T A ) → N with marked edgesê
. By using Lemma 4.5, we can construct a continuous family of simplicial hyperbolic surfaces that performs the elementary move that separates the triangulations T A and T B . We can also use Lemma 4.4 to construct a continuous family that alters the marked edges from e
. After concatenating all of these continuous families, we construct the HH interpolation
Now we can use Lemma 4.6, setting H 1 | (S,1) = H 2 | (S,0) , to obtain a continuous family of simplicial hyperbolic surfaces H 2 : S × [1, 2) → N that shrinks the accidental parabolic γ B .
If S is not a 4-punctured sphere, then there exists a nonperipheral edgeê 2 = γ B in T B which is unaltered by the sole elementary move and hence can be mapped to a closed geodesic. Therefore, we can use Lemma 3.4 to construct a π 1 -injective useful simplicial hyperbolic surface g : (S, T B ) → N with distinguished edgeê 2 such that g is properly homotopic to h : S → N .
We can use the Lemma 4.2 to perform the elementary move that separates the triangulations T A and T B . We can also use Lemma 4.1 to alter the distinguished edge fromê 1 toê 2 . After concatenating all of these continuous families, we can construct the HH interpolation
Case IIA(2). There Does Not Exist A Sequence of Triangulations with P roperty T B .
If we cannot construct a sequence of triangulations with P roperty T B , then as we argued before, there exists an edge γ B in the triangulation T A that represents an accidental parabolic associated to B. Using Lemma 4.3 we can construct a continuous family of simplicial hyperbolic surfaces H 1 : S × [0, 2) → N that shrinks the accidental parabolic γ B . (2)) be the union of the images of the continuous families of simplicial hyperbolic surfaces. Lemmas 4.1, 4.2, 4.3, 4.4, 4.5, 4.6, and 4.7 guarantee that W ⊂ C(N ). Furthermore, we also know that for any x ∈ W lies in the image of a simplicial hyperbolic surface, and hence, by Lemma 3.1, inj N (x) ≤ K S where the constant K S depends on the Euler characteristic of S. Now we have bounded the injectivity radius in a portion of the convex core. Note that φ(W ) ⊂ C(N ) because C(N ) is convex, and that by a result of Canary (Lem 4.4, [C1] ) and Lemmas 4.3 and 4.6, φ(W ) is compact.
The next step in the proof of Case IIA involves finding a compact core R of N − P S , where P S represents the collection of rank one cusps of N • ǫ associated to ∂S, such that points in R have bounded injectivity radius.
Let ξ : S → N denote the map H 1 | (S,1) : S → N . Let {S j } be the components of S − γ B . Let {M j = H 3 /ξ * (π 1 (S j ))} be covers of N with covering maps {p j }. Let P B be the rank one cusp of N • ǫ associated to γ B . Let P = P B ∪ P S . Given 0 < ǫ < ǫ 3 . By Lemma 2.6, there exists a relative compact core R * of
* which is a neighborhood of the simply degenerate end E. Let {U j } be the components of [C 2ǫ 
In the following lemma, we will choose a compact core R of N − P S such that R contains R * , R lies in C 2ǫ (N ), and points in R have bounded injectivity radius.
Lemma 5.4. For all 0 < ǫ < ǫ 3 , there exists a compact core R of N − P S bounded by surfaces T 1 and T 2 such that the following are true:
Proof. The proof of this lemma mimics that of Lemma 5.3. We give an outline of the steps. Let T 1 = H 2 (S, 1 − η), where H 2 (S j , 1 − η) lifts to C ǫ (M j ), and let T 2 = H 1 (S, 0). By Lemma 2.7, we know that U ′ k , U k , and each U ′ j and U j possesses a product structure.
Construct a surface T ′ 1 = jF ′ j with the following properties: (1) eachF ′ j is the union of embedded annuli A PB ,j in P B ∩ C 2ǫ (N ), embedded infinite annuli A PS ,j in P S ∩ C 2ǫ (N ), and a level surfaceF j in the product structure on U j such that H 2 (S j , 1 − η) lies to one side ofF j ; and (2) the surface T ′ 1 is properly homotopic to T 1 via a proper homotopy ζ 1 whose image lies in p j (C 2ǫ (M j )). Then for a point x in the image of ζ 1 , inj N (x) ≤ max{L Sj + 2ǫ}.
Let T ′ 2 be the union of a level surfaceF k in the product structure of U k such that T 2 lies to one side, and infinite annuli A PS ,k in P S . Let ζ 2 be a proper homotopy between T ′ 2 and T 2 . Consider a point x that is in the image of ζ 2 , but not in the image of ζ 1 nor H 1 . Note that U k has a product structure, that T 2 is disjoint from U k , and that T 2 is properly homotopic to ∂(U k ) P . Then by a result of Bonahon (Prop 1.23, [Bo] ) and standard degree arguments (see Thm 2.14, Lloyd, [L]), there exists a useful simplicial hyperbolic surface g : S → N with image in (U k ) P such that x lies in the image of any proper homotopy between T 2 and g(S).
Then, in particular, x lies in the image of the HH interpolation J 1 : S × [0, 1] → N joining H 1 | (S,0) and g. Lemmas 4.1, 4.2, 4.4, 4.5, and 4.7 guarantee that
Therefore, for a point x that is contained in the image of ζ 2 but that is not contained in the image of
Then we can show that T 1 and T 2 bound a compact core R of N − P S such that R * ⊂ R ⊂ C 2ǫ (N ). By covering R with W and the images of ζ 1 and ζ 2 , we can show that for x ∈ R, inj N (x) ≤ max{K S , L Sj + 2ǫ}.
Note that in Case IB, we must replace the maps H 2 andH 2 with H 1 andH 1 , keeping the domains the same. This completes the sketch of the proof of Lemma 5.4. Now we have bounded the injectivity radius for points in a compact core R of N − P S which contains R * . Consider again the surface constructed in the previous lemma T 1 ∩U ′ j =F j ⊂ ∂R which was a π 1 -injective, separating, level surface in the product structure of U j . Let W ′ j be the closure of the component of (
. So by the induction hypothesis and Lemma
Then by a result of Bonahon (Prop 1.23, [Bo] ) and standard degree arguments (see Thm 2.14, Lloyd, [L]), there exists a useful simplicial hyperbolic surface h : S → N such that x lies in the image of any proper homotopy between T 2 and h(S). Then, in particular, x lies in the image of the HH interpolation J 2 : S × [0, 1] → N joining H 1 | (S,0) and h. Lemmas 4.1, 4.2, 4.4, 4.5, and 4.7 guarantee that J 2 (S, [0, 1] 
Finally, for x ∈ P, inj N (x) ≤ ǫ. Therefore for x ∈ C(N ), inj N (x) ≤ max{K S , L Sj + 2ǫ}. We can do this for all 0 < ǫ < ǫ 3 , so that for x ∈ C(N ), inj N (x) ≤ max{K S , L Sj }. This completes the proof of Subcase A.
Case IIB. The End E is Geometrically Finite.
The basic outline of the argument for Case IIB is still the same. We will divide the convex core into a compact core and its complement. However, to fill up the convex core this time, we will use an interpolation between a boundary component of the convex core and a simplicial hyperbolic surface, a continuous family of simplicial hyperbolic surfaces, and projections of convex cores of covers with fewer accidental parabolics. The remaining portions will, again, lie in an ǫ-thin part, or lie in the projection of a cover which has fewer accidental parabolics.
The first step in the proof of Case IIB will be to find a homotopy between the boundary of the convex core and a useful or practical simplicial hyperbolic surface, and a continuous family of simplicial hyperbolic surfaces which shrinks an accidental parabolic associated to B. We will want points in the image of the homotopy and continuous family to lie in the convex core and to have bounded injectivity radius.
Let f 1 : S → N be the pleated surface whose image is the boundary component of C(N ) associated to the geometrically finite end E. The following result of CanaryMinsky guarantees the existence of a "short" homotopy between a pleated surface and a simplicial hyperbolic surface. Without loss of generality, by pre-composing with the nearest point retraction map, we can assume that H 1 (S, [0, 1]) ⊂ C(N ). As the image of a simplicial hyperbolic surface, by Lemma 3.1, for x ∈ H 1 (S, 1), inj N (x) ≤ K S . Then because the trajectories H 1 (x, [0, 1]) have lengths at most ǫ, for x ∈ H 1 (S, [0, 1]), inj N (x) ≤ K S + ǫ.
We can use the following lemma of Canary-Minsky to find a bounded length homotopy between the simplicial hyperbolic surface f 2 : S → N obtained above and a useful simplicial hyperbolic surface f 3 : S → N . Because H 2 is a homotopy whose flow lines are contained in the [(G − 1)c]-neighborhood of the image of f 2 , for x ∈ H 2 (S, [1, 2] ), inj N (x) ≤ K S + A S , where the constant A S depends only on S. Now we have bounded the injectivity radius in a portion of C(N ).
The triangulation T A on S from Lemma 5.6 either contains an edge which represents an accidental parabolic associated to B or not. In the latter case, let T 2 be a triangulation of S such that there exists an edge in T 2 which is an accidental parabolic associated to B. We can perform the modified HH sequence of elementary moves altering T A to T 2 . Let T B be the "first" triangulation in the sequence in which there is an edge γ B representing an accidental parabolic associated to B.
There are two cases: the sequence of triangulations has P roperty T B or not. If the sequence has P roperty T B , then using the argument given in Case IIA(1), we can construct a continuous family of simplicial hyperbolic surfaces H 3 (S, [2, 3] ) and H 4 (S, [3, 4)) such that H 3 interpolates between the useful simplicial hyperbolic surface f 3 : (S, T A ) → N and a useful or practical simplicial hyperbolic surface g : (S, T B ) → N , and such that H 4 shrinks the accidental parabolic γ B . If the sequence does not have P roperty T B , then using the argument given in Case IIA(2), we can construct a continuous family of simplicial hyperbolic surfaces H 3 (S, [2, 4)) such that H 3 shrinks the accidental parabolic γ B which is represented by an edge in T A .
Let (S, [2, 4) ) if the sequence does not have P roperty T B ) be the union of the images of homotopies and continuous families of simplicial hyperbolic surfaces. Lemmas 4.1, 4.2, 4.3, 4.4, 4.5, 4.6, and 5.6 guarantee that W ⊂ C(N ). Furthermore, we also know that for any x ∈ W that also lies in the image of a simplicial hyperbolic surface, by Lemma 3.1, inj N (x) ≤ K S where the constant K S depends on the Euler characteristic of S. To summarize, for x ∈ W , inj N (x) ≤ max{K S + A S , K S + ǫ}. Now we have bounded the injectivity radius in a portion of the convex core. Note that φ(W ) ⊂ C(N ) because C(N ) is convex, and that by a result of Canary (Lem 4.4, [C1] ) and Lemmas 4.3 and 4.6, φ(W ) is compact.
The next step in the proof of Subcase B involves finding a compact core R of N − P S , where P S represents the collection of rank one cusps of N • ǫ associated to ∂S, such that points in R have bounded injectivity radius.
Let ξ : S → N denote the map H 1 | (S,1) : S → N . Let {S j } be the components of S − γ A . Let {M j = H 3 /ξ * (π 1 (S j ))} be covers of N with covering maps {p j }. Let P A be the rank one cusp of N • ǫ associated to γ A . Let P = P A ∪ P S . Given 0 < ǫ < ǫ 3 . By Lemma 2.6, there exists a relative compact core R * of C ǫ (N ) − P such that ∂C ǫ (N ) ∩ C In the following lemma, we will choose a compact core R of N − P S such that R contains R * , R lies in C 2ǫ (N ), and points in R have bounded injectivity radius.
Lemma 5.7. For all 0 < ǫ < ǫ 3 , there exists a compact core R of N − P S bounded by surfaces T 1 and T 2 such that the following are true:
1. R * ⊂ R ⊂ C 2ǫ (N ), 2. if x ∈ R, then inj N (x) ≤ max{K S + A S , K S + 2ǫ, L Sj + 2ǫ}, 3. for each j, ∂(T 1 ∩ U 
Proof. The proof of this lemma mimics that of Lemma 5.3. We give an outline of the steps. Let T 1 = H 4 (S, 4 − η), where H 4 (S j , 4 − η) lifts to C ǫ (M j ), and let T 2 = H 1 (S, 0). By Lemma 2.7, we know that U ′ k , U k , and each U ′ j and U j possesses a product structure.
Construct a surface T ′ 1 = F ′ j with the following properties: (1) eachF ′ j is the union of embedded annuli A PA,j in P A ∩ C 2ǫ (N ), embedded infinite annuli A PS ,j in P S ∩ C 2ǫ (N ), and a level surfaceF j in the product structure on U j such that H 4 (S j , 1 − η) lies to one side ofF j ; and (2) the surface T ′ 1 is properly homotopic to T 1 via a proper homotopy ζ 1 whose image lies in p j (C 2ǫ (M j )). Then for a point x in the image of ζ 1 , inj N (x) ≤ max{L Sj + 2ǫ}.
Let T 1 = T ′ 1 − ( A PS ,j ) and T 2 = T 2 ∩ (N − P S ). We can show that T 1 ∩ U j = T 1 ∩ U ′ j =F j and that ∂(T 1 ∩ U j ) = ∂F j ⊂ ∂P. Furthermore, we can show that there existsŨ 
Then we can show that T 1 and T 2 bound a compact core R of N − P S such that R * ⊂ R ⊂ C 2ǫ (N ). By covering R with W and the image of ζ 1 , we can show that for x ∈ R, inj N (x) ≤ max{K S + A S , K S + 2ǫ, L Sj + 2ǫ}.
Note that if the sequence does not have P roperty T B , then we must replace the maps H 4 andH 4 with H 3 andH 3 , keeping the domains the same. This completes the sketch of the proof of Lemma 5.7. Now we have bounded the injectivity radius for points in a compact core R of N − P S which contains R * . Consider again the surface constructed in the previous lemma T 1 ∩U ′ j =F j ⊂ ∂R which was a π 1 -injective, separating, level surface in the product structure of U j . Let W ′ j be the closure of the component of (N − P) −F j such that W Recall that H 1 (S, 0) is the component of ∂C(N ) associated to the geometrically finite end E. Note that we chose H 1 (S, 0) ⊂ W ⊂ R * , and that U k is a component of [C 2ǫ If x ∈ P, then inj N (x) ≤ ǫ. Therefore for x ∈ C(N ), inj N (x) ≤ max{K S + A S , K S + 2ǫ, L Sj + 2ǫ}. We can do this for all 0 < ǫ < ǫ 3 , so that for x ∈ C(N ), inj N (x) ≤ max{K S + A S , L Sj }.
This completes the proof of Subcase B. Thus, the proof of Theorem 5.2 is complete. Now we will show that the injectivity radius in convex cores is bounded for all hyperbolic 3-manifolds (weakly type-preserving) homotopy equivalent to a fixed compact surface. Proof. If S is orientable, then Theorem 5.2 proves the existence of K S .
If S is non-orientable, then letS be an orientable double cover of S, and let N be a double cover of N associated to π 1 (S). Using Theorem 5.2, there exists a constant K such that for x ∈ C(Ñ ), injÑ (x) ≤ K. LetÑ = H 3 /Γ, and let N = H 3 /Γ. Then since [Γ : Γ] is finite, we know that the two limit sets Λ Γ and ΛΓ are equal. (II.K.15 [Ma] ) Thus, C(Ñ ) is a double cover of C(N ). Then, by Lemma 2.2, for x ∈ C(N ), inj N (x) ≤ K.
The main result Theorem 1.1 follows from Theorem 5.8 since an I-bundle over a (possibly non-orientable) closed surface is homotopy equivalent to a (possibly non-orientable) closed surface. (Thm 10.2, Hempel [He] )
